Teacher Edition - oleo)| dauuu

INTEGRATION

o, ,
—
(@)@ — "
o~ ‘/"‘f—, — m——"
r o
L4 "l&;f/
f

Lesson 3: The Area
s Luwodl : Wl Guajall

o P
—>
PREPARED BY M’_ oocl
MAGDY ELSAYED '||~<||” sl (320
You www.magdymath.com

0562721972 ()



plaodl i - Teacher Edition

Jlosy £90209 Ao Luwatl :CULUI yuyaJl

Lesson 3: Area and Riemann Sums

Regular Partition / dofaiiodl dsjaisl .1 m

The set {2, 21,...,2,} is a regular partition of [a, b] doliilo Wjad {2, 21,...,2,} degoaol Loud
if: : @823 131 [a, b] 648l
e Bounds: zp = a and ¢, = b. Ep=bgzy=a:dslailig dsladl e
e Ascending order: z; < z;,1 for all i. i pud groa) T < Tit 1Saelall kgl e
e Constant width: Az is a constant value. Jygludio Sl Az :&ul yogall @

Important Note: The number of partition —ac o . . .
g P n+1 90 Wil polic sac :dolo dbgalo

elements is n + 1, while the number of - - e L. . .
040 1 9O duyga]l Qlgpall sac Lowwy v uouc

subintervals is n.

. v,

Calculation Tools / &ijail juolic vl Juilgd .2 m

General Term / dijaill ypolial plall saJl Subinterval Width / dujaJl 6gidll ybdype
; N b—a
r; =a-+ iIAx P Ar = ——
- n
¢ Element g, is the (i + 1)-th element (e.g., z¢ is the 9D T .f.lio) i+ 1 ady puaiall g0 z; puaiall @
7th). .(e.!l.s.u.ll_}.nn.i.n.ll
e The i-th subinterval is defined as [z;_1, z;]. [i1, 2] 04SN o © pdy dujoJl opiall @
o
e ~
S
\_ S
This is called the Riemann sum of f on [a,]. J[a,b] 85Il e f WIal Jloyy £9020 15D 0y
L8 V,
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o Az idig a g0 iati a5 Az = 2 ybyall 329i i(n) GIfiaI sac droglany dokiiiall Lijail sagy |
b J Juad (o op0 Y5
. To find a regular partition given the number of subintervals (n): find the width Az = "T‘“. start at a, and add
Az successively until b.

Partition Applications (1): Givenn n Slgiall sae deoglans (1) doliioll dijaidl Oliuhni l

'R R Example (1) JGo B

Write the regular partition with 10 subintervals for the  duijaJl Wailfid sac U1 doBiioll &5jaitl sl
interval [0, 2]. .[0,2] 651410 10

tAz s0gi = 10 Lusd

b—a 2-0 2
Az = =10 ~10 %2

n
P=1{0, 0.2, 0.4, 06, ..., 2}

*AR Practice (1) 4290 wuyai #

Write the regular partition with 15 subintervals for the  dujjaJl Walifid sac U1 doBiioll dijaitl sl
interval [1,4]. .[1,4] opials 15

n=15
4—-1 3 1
Az=—Tg-=15 =502
P=1{1,12,14,186, ..., 4}

|

AN Homework (1) w219 {4

Write the regular partition with 8 subintervals for the 8 dujaJl WoJlgid sac Sl dobbiiod! dijaisl sl

interval [—2, 2]. .[—2,2] oyial
n=2_8
2-(-2) 4
A =] = — =
T 3 3 0.5
P={-2, —15, —1, —05, ..., 2}
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2sbl ypuoliall sac Jbei 131 puoliall sae Je 2019 yladoy Jiy (n) Ujaidl GIgLd sace :dolo dbgalo |
g e Juoads 1 aio
. Important Note: The number of subintervals (1) is one less than the number of elements. If given elements,
subtract 1 to find n.

Partition Applications (2): Given Elements Jolall sac deoglaoy :(2) doliioll &l Oliuhi l
LA A B Example (2) Juo B
Write the regular partition with 25 elements for the 25 olic sac Ul doldiioll djail LSl
interval [1,13]. .[1,13] opials

m =24 §31 .25 polallsac Yi Loy

13—-1 12 1
A= 24 24 3 0%

P={1, 15,2, 25, ..., 13}

YRR Practice (2) a5g0 wuyai
Write the regular partition with 17 elements for the 17 bpolic sac LUl doBiioll Wil sl
interval [2,10]. .[2,10] opiaLs

Elements = 17 = n =16
10— 2 8
A = = — = .
ST 16 00
P 2725, 8, 3.5, ..., 10}

‘

AR Homework (2) w219 {4
Write the regular partition with 26 elements for the 26 o lic sae LUl doBiiodl dpaidl sl
interval [0, 5]. .[0,5] opials

Elements =26 — n=25

5—10 5 1
Az=—r— =95 =502
P={0, 0.2, 0.4, 0.6, ..., 5}
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b npadioll le §ging Tpus JBuw Az dgjall S5a11 Jgb b v(n) Jgman il sae g5 151
.plioJl

If the number of subintervals is an unknown (1), the subinterval width Az will remain a fraction with n in the
denominator.

Partition Applications (3): In terms of n n yafiodl dyay :(3) doBiiall &jaill Olbun l

L B B B

Example (3) Jlo B
Write the regular partition with n subintervals for the  S4idlJ n WaSIfid sac U doBiioll &5jaitl sl
interval [0, 3].

.0, 3]

1 2 3 3 Practice (3) 4290 wuyai #

Write the regular partition with n subintervals for the o ial n ajlfid sae LU dobiio)l &gl sl
interval [1,5].

J[1, 5]

L B B & Homework (3) wolg %
Write the regular partition with n subintervals for the

ool n Lajlgid sac g“,.'i.ll dofiiioll djaisl LGSl
interval [—1, 2]. [—1,2]
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:pladl aadl Joild padiuwl .z ol aylis k ady saiall gi $515 vdijaill b 3290 suaic slogy
& = a+ Az
. To find a specific element, remember the k-th element is denoted by z;_;. Use the general term: z; = ¢ + iAz.
Partition Applications (4): Finding an Element 3300 puaic syl :(4) dobiiodl U jail Olhuns I

LB B B B

Example (4) JtGo B
Find the 7th element in the regular partition with 31 Wil doBiioSl dipaidl b & lud | podadl sl
elements for [2,5].

.[2,5] 64ial 31 o lic sac

26 90 gylutl juaiall . = n =30 31 juoliall sac

5—2 3
—_— = _1
30 30 0

z6 = a+ 6Az =2+ 6(0.1) = 2.6

Az =

AR R

Practice (4) 4290 <uysi
Find the 9th element in the regular partition with 41 | dodaiiodl dijaidl o gw Wi poiell GSI
elements for [1,9].

.[1,9] 65ial 41 o lic sac

Elements = 41 —> n =40 (9th element is x3)
9—-1 8
zg =a+8Az=1+8(02)=1+1.6=2.6

LB B B 8

Homework (4) w219 4
Find the 12th element in the regular partition with 21 doBiioll Ajaisl b piie il poiall GSI
elements for [0,4].

.[0,4] 854U 21 Lo Le sac S

Elements = 21 =—> n =20 (12th element is z1;)
4-—-0
Am = W =02

Ty =a+11Az =0+ 11(0.2) =22
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Pladiwy joliall 030 pub 3295 .[Th1, k] O k pdy daijadl S5LaIN Ji 4535 183200 duijo 64ib slayy
2; = a+ iAz sacldll

. To find a specific subinterval, remember the k-th subinterval is [¢x_1, Zi]. Evaluate these using z; = a + iAz.
Partition Applications (5): Finding a Subinterval dujo 606 2oyl :(5) dobbiioll Wjaill Olbuns I

LB B B B

Example (5) JGo B
Find the 10th subinterval in the partition with 40 sae JUI Gjail b 6pdilall dujadl 6 iall S|
subintervals for [1, 3].

J[1,3] 65l 40 Waiilgis

:[29, Z10] @ Spalslatl GyidIl ams 40 Liyas
3—-1
Ar=——=0.05
=40

@9 = 1+ 9(0.05) = 1.45
10 = 1+10(0.05) = 1.50 —> Interval: [1.45,1.50]

AR R

Practice (5) a2g0 cujai #
Find the 5th subinterval in the partition with 20 oL Gl Aol b duuo Il dujadl opiddl sl
subintervals for [2, 6].

.[2, 6] 65440 20 Wjlgis

n =20 (5th subinterval is [z4, z5])
6—2 4
Az=—o5 ~ 207 %2
24 =2+4(02) =28
25 =2+5(0.2) = 3.0 —> Interval: [2.8,3.0]

LB B B 8

Homework (5) w219 4
Find the 15th subinterval in the partition with 50

Gjail b 6puire duwo Bl dgjatl 6581 sl
subintervals for [0, 5].

[0, 5] 654U 50 Wilgis sac Sl

n =50 (15th subinterval is [@14, Z15))

5—0
A.’B—5—0—0.1

14 =0+ 14(0.1) =14
z15 = 0+ 15(0.1) = 1.5 = Interval: [1.4,1.5]
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Sl dbidl oscls - Syl oy 81 (1)
(L,) Left Endpoint Approximation (1)

- uaa l - oai ”.. .
Sl auuy Gipb o Liodall
iaiotl @ puudl WSy yuas

Calculate area using rectangles touching

the curve from the top-left corner.

dibhioll doluo) duy i dosd aogi :JUo

Ex: Find the approximate area bounded by J9209 f(x) = Vo + 1 iaialU 6yguanall
f(x) = +/= + 1 and the x-axis on [0, 4] using 4 e.ui pladiwly [0,4] opidSl e S ligudl
rectangles with left endpoints. dbiUl Lo audll bl duo Saluiuwio
Syl

Width (Az) uosall .2 Subintervals algiadl sac .1

y y = V(x+1) Am — —4 — 0 — 1 n = 4
4
o 1 2 3 ax Left Endpoints (c; blayl .4 Partition (P) deofiiiol dijaiSl .3
) Sl

P=10,1,2,3,4}

c; €{0,1,2,3}

-

Calculate Area (A7) luwodl glusg ydsgaill .5

A~ A1 +A+ A3+ Ay

j =1X% f(e1) + 1 x f(c2) +1 % f(es) + 1 x f(ca)
=1x f(0)+1x f(1)+1x f(2)+1x f(3)
=1V14+1vV2+1vV3 + 1V4

=6.14

AL= 6.14

Telegram YouTube 0562721972 @ magdymath.com
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ol dbiyl 6aeld - Lol oy il (2)

(R,) Right Endpoint Approximation (2)

- «aa l - oai ”.. .
Sl auuy Gipb o Liodall
.oiadadl Lol iyl yuol

Calculate area using rectangles touching
the curve from the top-right corner.

dihioll @5 lue) du i dosd aogi :Jlo
J9209 f(x) = Vo + 1 iaialU 6yguanall
i pladiwy [0, 4] S481 e &Ll
o dbiUI o audll bl Sus i

Ex: Find the approximate area bounded by

f(2) = v/ + 1 and the x-axis on [0, 4] using 4
rectangles with right endpoints.

Width (Az) uosall .2 Subintervals Sl piadl sace 1
4—-0
y=V0x) Aa: = —=1 n=4
4
o 1 2z 3 o Right Endpoints (c; byl .4 Partition (P) doafiioJl dijaisl .3
) i

P={0,1,2,3,4}

¢; € {1,2,3,4}

( Calculate Area (AR) o luwntl gl g yasgaill .5
.
A~ A1+ Ay + A3+ Ay
=1x f(e1) +1 % f(e2) +1 x f(es) + 1 x f(ca)
=1x f(1)+1x f(2)+1x f(3)+1x f(4)
=1V2+1vV3+1V4+ 1V5
= 7.38
. Ap=T7.38
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Qbuniioll dbij 3.1.:6-“' ol *"" 1(3)
(M,,) Midpoint Approximation (3)

Calculate area using rectangles <al @0 ol cuuad gi aabiiu
intersecting the curve at their top . _ S oy Gipb e iododl
midpoints. ~duaiioll dbii b iaioll ghil

ddhioll @5 lue) du s85 dosd so9i :JUo
Ex: Find the approximate area bounded by 19209 f(x) = V& + 1 JiaiaJUy oy9.0a0J1
f(2) = v/& + 1 and the x-axis on [0, 4] using 4 i pladiwy [0,4] 441 e Sl
rectangles with midpoints. dbii Lo aud)l bl Cuwo Ol
fuaiiodl
Width (Ag) yosall .2 Subintervals Sl gadl sae
4-0
4 ¥=V(xs1) Aw _ e = 1 n - 4
4
" Midpoints (¢;) uniiodl blii .4 Partition (P) dofiiiol dyjail .3
¢; € {0.5,1.5,2.5, 3.5} P=1{0,1,2,3,4}
Calculate Area (A;s) oot gl g yasgaill .5

381 Jabdasnt LD
f{0.5) = V1.5

A~ A1+ Ay + Az + Ay
=1x f(e1) + 1 x flez) + 1 x f(es) + 1 x f(ca)
—1x £(0.5) +1x f(L5)+1x f(2.5) +1x f(3.5)

= 1V15+1v2.5+1v3.5 + 1v4.5
= 6.80

Telegram YouTube 0562721972 @ magdymath.com
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{ ™
Master Ex: Approximate the area bounded by ddbioll dolusod duy s dosd aogi :Jolds Jlio
F(z) = 22 — 2% and the x-axis on [0,2] usingn =4 19209 f(xz) = 2 — z? LiadoJU 65g.02.0)]
rectangles. i 4 pladiuwl [0,2] 8Aal Gle &l

(P) @&jail polic &4lsg (Az) ydsall wluasy Lodls Taw vouy i goi i Yot :gicdenll gulw il |

— — 2-0 _ 1 — 1 3
n=4 Ag =20 =1 P={0, 1,1, 3,2}
\ y,
"R B Example (1) Jto
Use left endpoints to approximate the area. 40 Luwod | oy p 81 (6 g | dbd il 6acls padiwl

Ll go blaul 35U

Ap = Az [f(0)+f(%) +f(1)+f(g)] (2445001 A1 A0 i)
AL=%[0+%+1+%]=1.25 QE{O,%,L%}

# Practice (1) 290 syl

Use right endpoints to approximate the area. Lo Luod | il ol db sl 6acld padiuwl

1 3 ol go bLEUI A5U
Ap = Az [f (E) +f)+ f (E) + f(2)] (0 o1 &b 2atius)
1[3 3 { 1 3 }
= —|— — =1. GE€E{5 1 5,2
Ap 2[4+1+4+0] 1.25 )
AR Ah M HomeworkMuolg
Use midpoints to approximate the area. Lo Luod | il Wbusdiod| dlndi 6acls padiawl

e ) )

135 7
1 €=, = =, =
Ay = [0.4375 + 0.9375 + 0.9375 + 0.4375] = 1.875 “ < {4’ 4’ 4 4}

Telegram YouTube 0562721972 e} magdymath.com
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{ )
Master Ex: Approximate the area bounded by dadnioll doluso) duw pii doud ao9i :Jolds JUlo
F(z) = cose and the x-axis on [— %, F] usingn =4 Sl yga0g f(z) = cosz iaioJU 6yg0a0J]
rectangles. SOddniue 4 pladiwy [-F, 2] bl e

{(P) @jall polic &ylisg (Az) ybsall wluwny Lails iat vouyydli goi si Yo relyideat yulw il |
x _ _E)
n=4 Az =21—_1 =% P={-2,-2,0, %, %

\, J
1 2 3 B B Example (1) Jlio
Use left endpoints to approximate the area. Jdoluodl il (§ ] dndidl sacls poadiwl

m m m Ll go blaul 33U
Ap = Az [f (_E) +f(—z) +f(0)+f(z)] (2 634501 AR A0 iusi)
0 V2 V2 { T T ™
=Zlo+ X2 ALy PY ce{-2 =20 7}
Ar 4[0+ 2 +14+ 2] 1.90 Ci 27 42’ %

# Practice (1) 290 syl

Use right endpoints to approximate the area. Lo Luod | il ol db sl 6acld padiuwl
T T ™ aeodl go blEUl 350
Ap = Az [f (_Z) +f(0)+f(z) +f(5)] (% Joill ibiil sariu)
iy \/§ \/§ m m™ m
Ap=T1Y2 114 X2 0| 0. -{—— T r
R 4[2++2+0 90 ¢ € 4,0:452
AR N & Homework (1) w219
Use midpoints to approximate the area. Lo Luod | il Wbusdiod| dlndi 6acls padiawl
3r T 2 e puudig dijaill o6
Ay = Az [cos | —— ] + cos (——) +...
8 8
Ay ~ 2.05

Page 10 Telegram YouTube 0562721972 & magdymath.com
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Approximating Area using Tables

AN RR

J9lasJl pladiwl dolusodl padi :dlo s Ol

Estimate the area on [0, 1] using Right Endpoints.

B Exercise (1) JJ 05

f(z) Lindol ddhioll &5luwo padil JgaaJl Lle aaicl
(Ao dslaidl) [0,1] 6581 LLe

Ar=02[22+1.6+1.4+ 1.6+ 2.0]
Ar=1.76

z |00 | 0204|0608 10
f@) | 20 | 22 | 1.6 | 1.4 | 1.6 | 2.0
Agr = Az[£(0.2) + £(0.4) + £(0.6) + £(0.8) + f(1)] deinab ¢l guns utsoul aet

Az=02-0.0=0.2

dDAUI e v ol bl b
A(laubuds) Jgaadl o il

TR

Estimate the area on [0, 0.5] using Left Endpoints.

 Exercise (2) Juy0i

(z) Lindol dikhioll doluws padil Jgaal Lle soicl
A Hul Elois1) [0,0.5] s5iddl LLe

0.0 | 0.7

Sl

0.2 | 03 |04

2.0 | 24

f(=)

2.6 | 2.7 | 2.6

2

AL =0.1[2.0+2.4+2.6+2.7+ 2.6
Ap=1.23

Ar = Az[f(0) + £(0.1) + £(0.2) + £(0.3) + £(0.4)]

Az ydyall a2gd
Az =0.1-00=0.1

dniil sadiay «glud| oyl b
(laubuin) Jgaadl (o 650

AR RAR

it Exercise (3) g0l

-
s L

Estimate the area on [1,2.6] using Right Endpoints.

e f(z) iadol doluodl padi Jgaadl Lle anlicl
(iog 1 dgloidl) [1,2.6] 3iall

x )(0/ 1.2 ( 14 | 1.6 | 1.8 | 2.0 | 2.2 | 2.4 | 2.6
f(=) /04( 04 |06 | 08 12 (14 |12 | 14 | 1.0
Ap = Az[f(1.2) + f(1.4) +--- + f(2.6)] M1 1005 |
Ap=102[04+06+08+12+14+12+14+10]
A9V 20 fiud = oy ool
Ap=1.6 .
Telegram YouTube 0562721972 e} magdymath.com
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Riemann Sums (Right Endpoints)

(ol Gylaidl) B Jlogy geo oo :dd Lusadl O i

fleg) DI b oy yo9aig ¢; AbdUl 3aai

Am YL, fle)Az :g9020dl Jgilh b ydgai

Master Ex: Approximate the area for f(z) = 2z on [0, 4]

ddlniotl doluod daw pis dosd aogi :dloLds dJluwo
.[0,4] 65iall Lle Oliudl ygo0g f(x) = 2z iaiols

Using n = 16 rectangles (Right Endpoints).

oxcldll: C; = &;

"R B Example (1) Jlio "

Ar=Y1 (39) (3) = § Didvd
Am:%:% AR:%[H(;'?)
ci=0+i(§) =13 Ag—17
fle) =2 (§3) = 3i

(ol Glail) duniuwo 16 pladiwl

B B B # Practice (1) 290 syl

Using n = 8 rectangles (Right Endpoints).

[ a-\-CLEJI:ci:m‘- ]

fle) =2 (%9) =1

(Lol GYlol) Saldniuwe 8 pladiwl

Ap=30400) (3) = 3 Xiai
— 40 _ 1
Az =5~ = 3 AR=%[@ = 3[36]
i =0+%(3) = 34
(2) 2 ,',AR=18

Using n = 32 rectangles (Right Endpoints).

[ a.l.CUiJl:ci:me ]

AN {4 Homework (1) w219

(Lol dyloidl) dubiu 32 pladiwl

— 1, 1y _ 1 32 .
Ar=Y5(19) (3) = = Xttt
— 40 _ 1 32(33
Az =5 =3 AR::,%[ (2)]=%
ci=0+i(%) =14
‘ (%) =3 - Ap =165
fle) =2 (i) = &
m Telegram YouTube 0562721972 @ magdymath.com
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Riemann Sums (Midpoints) (ualiioll dbdi) ¥ Jlogy gaolaw :doluwatl Sl

i Step 1: Find width Az

i Step 2: Find ¢; and evaluate f(c;) fler) WA b lay yogaig ¢; dbditl saai

AmYr, fle)Az :g9020dl Jgilh b ydga

E Step 3: Substitute into Riemann Sum §

Master Ex: Approximate the area for f(z) =2z on [0,4] didbiotl d>luio) dey sii dosd 259 :dlolds dJluo

.[0,4] 85881 LLe Slitudl ygang f(z) = 2@ Liniols

A hRR

Using n = 8 rectangles (Midpoints).

B Example (3) Jlio

(uaiiol| dbii) & aluniu 8 pladiwl

[ a.‘I.CLaJhci::c,;_o,s ]

Ay =Y 04 (6 - 0.5) () = 5 2276 %0.5)

= 2
— 40 _
Ae=75= A =3[ -805)] = §32

1

2
ci=0+(i—05)5 = 3(i—0.5)
flei)=2[1(:-05)] =i—05

AR

| .

# Practice (3) a5g0 iyl

Using n = 10 rectangles (Midpoints). -(Buadiol! dbdi) Ouubius 10 pladiwl

BA.CUiJI: C; = Ti—05
[ ] A=Y [¢G-05)] () =& > (:—0.5)
_ 40 _ 2
Az =5 =5 A= |25 —10(0.5)] = £ [50]
¢i = (i —0.5)

fle;) =2[2(i—0.5)] = £(i—0.5)

c Apm =16

AR

| .

{4 Homework (3) wolg

Using n = 20 rectangles (Midpoints). (Buaiioll dbdi) .f.l._.l_.h.'i.l.l.l.o 20 pladiwl

[ a.I.CUi.": C; = Ti—05 ]

Aw =S [36-05)] (}) = & TG - 05)
Az = 4-0 _ 1

o = Ay = % |20 —20(0.5)| = &[200]
¢i = +(i—0.5)

fle) = 2[5~ 05)] = 2(i—05)

Page 13 0562721972
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Riemann Sums (Left Endpoints) (Sl Gladdl) B glogy geo oo :dd Lusadl O i

i Step 1: Find width Az

i Step 2: Find ¢; and evaluate f(c;) fler) WA b oy yogaig ¢; dbditl 222

Am YL, fle)Az :g9020d1 Jgilh b ybgai

E Step 3: Substitute into Riemann Sum §

Master Ex: Approximate the area for f(z) =2z on [0,4] dilbiotl d>luio) dey sii dosd 259 :dlolds dJluo

.[0,4] 85581 LLe &litudl ygang f(z) = 2@ Liniols

YT

Using n = 24 rectangles (Left Endpoints).

B Example (2) Jlo

(Sl ylail) duniun 24 pladiwl

oacliJl: C; = Tij ]

45 =34 [36-1] (3) = & PAN-D

_ 4-0 1
Az =3¢ =5 Ap = |2 — 24| = L[2r76]
1
6

. AL ~15.33
fle) =2[3G-1)] = $G-1)

AR

| .

# Practice (2) do9.0 cuyali

Using n = 12 rectangles (Left Endpoints). (Sl aylail) f.l._.l_.b.'i.l.l.l.o 12 pladiwl

A=Y [36-D] (3) = §546-1)

_ 40 _1

Arz="T =3 Ap= %[12(2—13) —12] = 2[66]
il /g

3

. Ap =~ 14.66
fle) =2 (16~ 1)] = 205+ 1

AR

| .

{4 Homework (2) wolg

Using n = 16 rectangles (Left Endpoints). (Sl dlaidl) .f.l._.l_.h.'i.l.l.l.o 16 pladiwl

A=Y [3G-D] (§) = § 546 -1)
Az =*F =1 A —%Fﬂ”—m}:aum
ci=3+(E—-1)

fle)=2[46-1] = G-

m Telegram YouTube 0562721972 @ magdymath.com
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Exact Area as Limit of Riemann Sums Jgloyy g9020) Glais (dday) doluwoll

[a,8] 65iall e f(z) > 0 Liadodl (ol dded sl do luuodl

n . dolo dbsulo:
n_).oozf(ci)Ax ol dsladl Losls padiu vdlgowal)
=1 ¢ =i =a+ilAx

o luol) dyloid] cuusl| £902.0J1 ol dbily gdge uoall jos>
A=1lim, ;o 4, Ap =3 fle))Ax Il b Az
flei)
anbing

B Master Example (1) Jolis Jlio

(Ulogy £9020 dyla) ddLluwodl by sl padiwl
ole f(z) = 2& Liadodl Cnd dibuiod! doluwo sy y
.[1,4] 85iad1

Use the limit of Riemann sums to find the exact area for
Ff(z) =2z on [1,4].

dylalips ggoaoll wluws ]

n

i=1 i=1

[ Slbooll juand ] Aﬂ=if(cs-)ﬁw=i:(2+%) (E)

Ci=1+ﬁ(%):1—|—%

A, = —[2n—|— %M] = %[2n+3(n+1)]

3
f(Cg') =2 (1+ ;)
A= l5n+3 =15+~
n n
6z
f(Ci) =2+;

A= lim A, = lim (15+%)=15

n—o0 n—oo
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Riemann Sums (Continued)

Find the exact area for f(z) = 3 on [0, 2].

(2) 21
c=0+2{— | =—
n n

21 6z
f(Ci)—?’(;) =

(UWos5) B gloyy geolawo :doluodl Oliuhi

#a Practice (1) 4290 i

Cuaj ddesal doluall slogy Glaill padiwl
.[0,2] 84481 LLe f(z) = Sz Liniall

12 -,
:?Z@,

+=2(3) ()

i=1
12 [n(n+1 6(n+1 6
4o L2[on D] _StD) o
n 2 n n
i 6
A= lim (6—|——) =6
n—00 n

o

Find the exact area for f(z) = 4« on [0, 3].

Az= 3R\ &

n n
C§=0+i(§) =2
n n

3t 122
f(cz')—4(;) =

- oo as

Cunj ddesal doluall sl il padiwl
[0, 8] 84381 L f(x) = 4z LinioJl

2 (124 3 36 .
()25
i1 \ " n nt i3
An=3_€2i[n(n+1)]=18(n+1)=18+E
n 2 n n
A:Iim(18+E)=18
n—+00 n
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Exact Area via Limit of Riemann Sums

(deoysi Jl9s) Jlogy gaolaod dylais dded I dolucodl : & lEaing

. nlr+1 ., nr+1)2n+1
;12 (2 ) ‘Z:;zz ( 25( )

Ap—2-0_4

n n

o+i(2 _<

G n/] n
4\?% 48i?
fer=3(%) -5

Find the exact area under f(z) = 322 on [0,4].

) (02
_ 192 [n(n+1)(2n+1)] _ 2(n+1)(2n+1)
n3 6 n2
4

A= lim A, =32(2) =

\ 2 2 & & i B Example (1) Jlio -

Sliud! jgan G9b9 f(z) = 322 Liadall Cuad doluwatl aogi

.[0,4] 65iaI1 e

Find the exact area under f(z) = 22? on [0, 3]

Ap_370_3
n n

n n

3i 2 1842

A, =

A

— lim 4, =9(2) =18
n—oo

#a Practice (1) a5g0 i yai

Slisudl yga0 G989 f(z) = 22? Lindall (aj doluwall Aogi
.[0,3] 6iall LLe

1842

)3
i=1
_ A

ns

(3
|

AR

n(n + 1)(2n + 1)] _

I(n+1)(2n+1)
6

n2

A dd

Find the exact area under f(z) = =* on [0,6].

Az — 6—0 _6
n n

61

Ci = —

9 n

6i 36i2

4=

216

A= lim A, = 36(2) =
n—oo

i Homework (1) w2lg
Sl Jgo0 G999 f(z) = 22 Liadiodl Gad dslusal aogi
-[0,6] 8piall e

) (5)-%

[n(n +1)(2n+1)
6

216 Z*

i=1

] _ 36(n+1)(2n+1)
= =

i=1

ns
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Area for Negative Functions (Below x-axis) (S lud| yga Cund) ddludl Jlgals do Luwodl syl

o lw EJLJ'.I!.:,beg.n_‘:.nJ_ | Qi (A lw) bl jgan Sl "giiliiiJl.\JlaiLn_g
agiil du>go doluall auail:

6y LU
R A= lim )" —f(c;)Az
n—Co i—1
1 2 2 8 & 4 B Example (2) JUlio -.
Find the area bounded by f(z)} = —2« and x-axis on [0, 4]. Sl y920 Cadg f(z) = —20 U1l 990 dpuu:l].\:?cl

s Practice (2) d290 <y

Sl jgan aaig f(z) = —3z Wil Ggd dolusodl aogi
:[0,2] JLe

Find the area bounded by f(z) = —3« and x-axis on [0, 2].

e 2 E( ) -

i=1 i=1

[n(n +1) ﬁ(n +1)

A=lim A, = lim (6+%)=6

n—oo

%o % % % % % Homework (2) w2lg -

Oliaudl jgan &anlg f(z) = —= A1l Ggb doluwall aogi
.[0,6] Lle

Find the area bounded by f(x) = —= and x-axis on [0, 6].

i —61 6 36 <~ .
Ap— A”‘Z_(T)(E)‘E. :

6
; i=1 i=1
o = 6i n(n +1) 18('n, +1)
n - n2 n
—61
fle)=— A=]ijﬂ=]jm(18+18)=18
—00 n—oo
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Area Given the Sum Formula 4, A, £902.0J1 douo drogleoy dolusal slayl (1) o801
ylaidlodl o Sadhiuodl dac Gpidy oaic ggoaoll dslai (o didatl 4o luwodl
A= lim A,

n00 JaJl pliso

(plindl b uuf_;.g.‘bi Jolao le bl b U-l.li_Hﬁi Jolen i5l)

R22L B Example (1) JGo "
& is _2n+1)(n—1) . ..
IfA, = M.ﬁnd the exact area A. wluall 290 4, = 8n? gus 13l
. A ddadaJl
. £ . = &= - . A 1. 2712 - 2
(ulgd Ul clay Ugl yladoll bouuy) = lim ——
2 _ 2
An — 2(n 1) _ 2n 2 B >
3n2 3n2 — g

~
SN

X K & 75 Practice (1) a390 < jai
If A, = %;f).ﬁnd the exact area A. A bl dolunodl 22916« 4, = %;f) g 131
. o A= lm 5n% — 10n
(uwudl 0 yuligddl Slas) om0 2n2 1
5n% — 10
A, =" 5
2n2+1 A = § :2.5

PN {% Homework (1) wolg

~
g L

. : . 3n+1)(2n—1) .
< wluwall aoglo . 4, = ( NIERE]|
If 4, = (n+ 1)(22" 1) , find the exact area A. 2
% A dbabaJI

2 e . 6n?—n—1
(gl p51 e Jgoal) gulgo Ul clay) A= lim —
n—00 n
" _6n —-3n+2n—-1 6n’-n-—1
w = e - 7 A=6 ]
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Area by Expanding Sigma Notation A Lol sy y golaadl &l :(2) op8all
""""""""""""""""""""""""""""""""" . &, a+D@n+1) L,
! :guilgdll y835 Aznhi?oA“ Z%2= ( )6( ) Voi 1 g5 Culgil pyds |
=1 i
A & X B Example (2) JUo |

A, =LY inﬁdh A bt doluwodl "A—lﬂ 1iz‘l..‘»l'l

ﬂ—gg(;) , find the exact area A. LA ddud a> aoglo. ﬂ—gg(;) J 3l
2nd 4 ...
n A, = 207 F oo
A — 1 _ 6n3
"= ;Z =5 Z* | ;
=1 A= 1lm A, = r
1 [n(n+1)(2n+1)] nmee
An == —3
n 6 A— 1
; |

'n Practice (2) d290 cuuysi

e .. 2 & (2i)? .
2 & /257 Aa.n._..o.ula.ot.umu.?gu.A,,=—E(—‘) g 131
IfA,,=;Z(;) , find the exact area A. nS\n

8(2n®+...)  16n+

A, =

2 (-~ 44 8 .2 6n3 6n3
An=T D = 16
i=1 i=1 A= lim 4, = =
8 [n(n+1)(2n+1)] neo
An=—3
n 6

I

5 Homework (2) w2lg

»
»
»
»
»

n i\ 2 A&m.ﬁ.\Jld.puu.nJlmgLo.A,, ( ) gL 15l
IfA,,=%E(%) . find the exact area A. ;

27(2n® +...)  54nd+...

302 2T & An = =
A, =232 _ 20y 6n3 6n3
n ; n® ;3 54
27 [n(n+1)(2n +1) n—00 6
An = —F
n3 6

| |
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Relating Limits to Graphical Areas ol laldioig dlall gu oyl :(3) 64541

flz) = vz iadodl &nd ddbhiod! doluw JSuidl Jioy 1Sl Julad
z=2Jlz=0 (0 :4, dihioll
2=4Jlz=2 30 :4, dihioll

i 909 (a) RsAiusig «(b - a) Jioy 909 (Az) psiiud Sdibioll 3a2) bus |
~gugdll 3o dylayl

£ A XX B Example (3) Jlo -.

slatios Ul ddhiall o WJSduUl Lle Tloicl

Which region is represented by the limit? n 2i 2
lim ) 4/2+ ==
n—Foc =1 n n

iag 6pidsl (29ladgbe(2) V@l (24

J-0 oyiaJl
;=241 2 = =2
= S = dibhioll dotuld Jins dlailIA, ]

#n Practice (3) aog0 A

laiod JUI dibiodl L \JSudul Gle Dlaicl

Which region is represented by the limit? n 2i 2
im 34/ 2. 2
nsoiZVn n

g 6giall (O)asgbg(2) o yi1 [0,2].
U0 o il

2
-=0 ) — - . e . L o e e -
G _H(n g G & [ débhioll doluwo Jioi dlaidlA; ]

W k. ™ ﬁ

:laliod JUI ddhioll L (JS5duUl Lle Tlaicl

Which region.is represented by the limit? n 4i 4
m 3/ 2.2
n—oo =1 n n

iaG 65i81(0)Latgbg(4) « Sxidsl o il [0,4].
b—a=14 Jo dlo Ul

= a=0 do o) Jios dylaidl A+ A,
dulsdl
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