JUbJ| diuuww - Student Edition

INTEGRATION
Jolaill 7 J

Lesson 1: ANTIDERIVATIVES
adn il Jigall :Jgill yujall

Gl

< 3
Lg /
> X
PREPARED BY M SSEl
MAGDY ELSAYED || () 2l ($220
You www.magdymath.com

0562721972 (%)



(Jolkill dang) adnil Jigall :Jgill gujall gasla

drwbwll aclgall gaala
(f(x) allall | [ @Vl ailall
@énillg Jall aljlaa k (ayl) kx + ¢
(Solving & Verification) X" r’:'_':fl

dJall aaop ga Gaxill ; sin x —cosx+c

1 aulni alla wa F(x) gi aliy cos x sinx+c

13la F(x) (Glaidily @gai .f(x) 9 ' .
.2a1an Jalla f(x) allall Gaii = In|x] +c

Jolsill allall jiaai
pln.alld.nj.u:.l.n.ll 20) U
oulll nJLnnlJ.l.m.l.lh.m.l.ll
u.l.lml wndl jgaall Jugad gl
Jol<ill gl Jud as s

wnhAll gugall Jalsi
'- (Reverse Chain Rule)
] D b n+1

lé) S e S0 o

! dgdl zgaja gugd Jalsi aic

yrains gugall Jali .auha alls

wngall aacla “"';'f‘g x Jolaa wle @uii @l asig
(Power Rule) _

xl"l -
Py
fx"'dx- e +c(n=-1)
- &IL ll | I -
wauhll @iyjlegll alls fi mﬂ&:{udﬂm
(Natural Logarlthm) e
> sinx+c
7 —
(n=-1) v
P 3> —COS X+ C
f—dx =In|x| +c
X
ﬂ
> 2ggecll
dulo 1 allall (Th:::::ﬁ:iion)
c=F
5C F (x)

Jolaill culi

(Constant C)

guiil gaialol gaiils i gu @pall
i=s loo ¢ Culi jlaso gm allall
“aulpill Jigall go “alile” 2g2g

BUELEY) 9 Jalsil) ; ApuaSal) A33al)



«JUnJ| i - Student Edition

oIl Jlgadl :Jodll guyadl /// Jo KU :duo Bl 5259

Unit 5: Integration /// Lesson 1: Antiderivatives

Antiderivative & Power Rule S9iJl daclig dulw i1 AL 0 9i I

o Il DI oo f(z) = 2%+ c Wi Ji Jodi .f'(z) = 27 o Wilidw JL f(z) = 22+ c VI CGLS 13] :pgmb0
J2zdz = 2%+ c1jodU SUS e puaig . f'(z) = 2z AL
Concept: If f(z) = z° + ¢, its derivative is f/(z) = 2z. We say f(z) is the antiderivative of f'(z). Denoted as: [2zdz =z’ +c.

* Solved Example (1) JGio B

Find the antiderivative of f(z) = 2z using symbols. Jeo U laic geeg f() = 2z WIal dlo 1 WIS 22 gi

Guided Practice (1) a290 «uyai 7

Find the antiderivative of f(t) = 3¢* using symbols. 90U aic gucg f(2) = 3t WIal dulo I DI a2gi

Homework (1) Jjio w219 {4

Find the indefinite integral for f(z) = 4z°. J(z) = 42 W1al sgaondl gé JoKUI Ao gi

Integration of Constants G W Yol i:._!.lfl I
: <% Solved Example (2) JGo B

Find the antiderivative of f(z) = 1 using symbols. JeoU laic yuieg f(z) = 1 Wil dlo il W11 a2 gi

Guided Practice (2) d290 cujai &

Find the antiderivative of f(t) = 1 using symbols, Jeo U Waic yuieg f(t) = 1 Wil &l i1 UI1II a2gi
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Homework (2) (Jjio <2l it |

Evaluate the integral of the constant: [ 7dz. J T de @iy Gl Wil Jo5UI dosd A29i

Trigonometric Functions dadiosn Jigati 6 I

Lol JubUI ddos yuse @ &iliall JIgatl Jo B deuns L 1 aclgisl ;oo &
Note: Basic trigonometric integration rules are exactly the inverse of differentiation.

* % Solved Example (3) Jto B

loic yic9 g(d) = cos Wil dulo il Wil 2o9i
Find the antiderivative for g(6) = cos 6 using symbols.

S0y

Guided Practice (3) 4590 «uysi &

Find the antiderivative for f(z) = sinz.

f(z) = sinz WU ddo D1 W11 2290

Homework (3) Jjio w219 i

Find the indefinite integral for [sec’zdz. .[sec?z dz 392501 guf JoLUI 22 9i

7
Comprehensive Review

Loy dasipo :lasly I

Homework (4) (Jjio ol9 |

Evaluate: [(2z + cosz) dx. J(2z + cos z) dz : Jo LI .\.::ogi
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Integration using Natural Logarithm aubJl aiyylégUl pladiwl JlgaJl Jolsi NPPPPIES I

agditiall JIgal ybay duo il JIgasl BLAGSY Saclisl 030 padiud .40 o Inju(z)| dsliss gl DIl diides :3i 4555
opiéy

!
Remember: The derivative of In |u(z)| is "—f%l. This rule is used to discover antiderivatives of certain functions.

ul

* Example (1) JGo B

Given F(z) =In|secz + tanz|. F(z) =In|secz + tanz| Cuils 131
(a) Find F'(z), (b) Deduce the antiderivative of f(z) = secz. f(z) = secz 1l o il Wil ém' () bF’(m) .\.pgi (i)

Practice (1) 590 wujai 74 ..

Given G(z) = In|cscz — cot z|. .G(z) =In|cscx — cot z| Cwils 131
Find G'(z), then deduce the integral of g(z) = cscz. .g(z) = cscz Wil Jol85 e.-i_u_'nl Fj & (z) gl

Homework (1) (Jjio w219 4

Prove that H(z) = In|sinz| is the antiderivative of h(x) = cot z. h(z) = cotz W1l dduo 1 DI Lo H(z) = In|sinz| gi cubi
Verifying the Antiderivative ol dIiadl QLG! :tu.uLu.l I

e

i W11 g9 lud dulo I W11 didideo Ji il gi was f(2) V1l dluoi D15 o F(z) Wil gi GGy spgmibo
F'(z) = f(z)

Concept: To verify that F(z) is an antiderivative of f(z), we must show that its derivative equals the function: F'(z) = f(z).

' B & Example (2) JGo B

Show that F(z) = 2zIn(ez) — 3z is the antiderivative of f(z) = 1 +Inz? sl E._E.I..a.ill Wil o F(z) = 2z1n(ez) — 3z dJ1s1 ai d:l.:J
for z > 0. >0 & f(z) =1 +Inz?

magdymath.com 0562721972 © YouTube *» Telegram 4
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* % Practice (2) 4290 «ujai 7y

Show that F(z) = zlnz — z is the antiderivative of f(z) =Inz for z > 0. Ul ddo Il UIJl o F(z) =zlnz — 2z diladl ai t.J-..':-'
z>0&w f(z) =lnz

r
e

L 2 & Homework (2) ‘:‘,'JJ.D wolg
Prove that F(z) = +2’Inz — +2? is an antiderivative of f(z) = rInz. aJlal a__!_uai Wi oo F(z) = %zzhn _ %:cz FITIST ai I:l-lji
J(@)=zhez

-
N

Finding Unknown Constants Wemaal Cylgisl stayl :layluw I
.f(z) sUnadsl W1l go Subolaoll gyl i F'(z) duluo il W1l §UELL Y pgdi \iJgaaall Cylgisl slayy :dbo o
Note: To find unknown constants, differentiate the antiderivative F'(z) and compare coefficients with f(x).

& & Example (3) Jtio R
If F(z) =2In|2® + 5z + 1| + ¢ is the antiderivative of f(z) = %, duluo i1 &1L oo F(z) =2In |a:3 +5z + 1| + cdJladl Cuils 151
find constant b. b Sl dosd 229l of(z) = ;% iy

r
e

Practice (3) dog0 wuyai 7 ..

If F(z) = 31n|«® + 4z| + c is an antiderivative of f(z) = %ﬁ. find a. alal i*l_.pi Wis o F(z) = 3In|2? + 4z| 4+ ¢ ils 131
a Syl dogd 229lb vf(c) = B2

L 2 & Homework (3) ‘:‘,'JJ.D wolg
If the antiderivative of f(z) = o1 is F(z) = —5In |2z — 1| + ¢, find k. o f(z) = —2:_1 J dduo i Al SGls 131

k doud a9l WF(z) = —5In|2z — 1|+ ¢
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Indefinite Integral & Antiderivative Properties Wl il Wil yolgdg 39sonl pui JolAUI NPPPPIES I

L T AN Ll f(z) VI gubi) Sl I DI o G(z) DIaI1g + f(z) VI dlo il VI (o F(z) DIl SGLS 13 rdgpbs
.G(z) — F(z) = ¢ :gi &l .Cul yladio gl gy Gpall
Theorem: If F(z) and G(z) are both antiderivatives of f(z) on interval I, then their difference is a constant. That is: G(z) — F(z) = c.

- Example (1) JGo B )

Show that F(z) = z*(z” + 4) and G(z) = +(2z% + 4)° are antiderivatives oo G(z) = %[232 + 4)2 9 F(z) = ;32(;\:2 +4) gl t'.li {}.j.l
of the same function. AN gudid gliduoi gl
R Practice (1) 290 wiyai 74 '
Show that F(z) = sin’z and G(z) = — cos’z are antiderivatives of the gLl oo G(z) = —cos’x 9 F(z) = sin?z JLUIAII ai u..:l'..l
same function. A gudy Jlidoli
Homework (1) Jjio w219 .
Show that F(z) = (z + 1)? and G(z) = * + 2z are antiderivatives of the JWis s G(z) =z + 2z 9 F(z) = (z + 1)? gliadl {ji G:I:J
same function. AN sl glaloi
Inverse Relationship of Integration and Differentiation GUWLLYIg JolBil Ju deusSall d5uall slws s I

ALl Al JolKiNlg \ JolKUl LAl diidialt gi i *diidiol duusall iulooll 9o Jo Ul oo |
[l&f@)dz = f(z)+c s £[f f(z)dz] = f(z)

Note: Integration is the inverse operation of differentiation. They cancel each other out.

* % Example (2) JGo B .

If g(z) = zsinz, find: (a) [¢(z)dz . (b) £ [g(z)dz. 2 [g(z)dz (b) + [g(z)de (a) :a29i vg(z) = zsinz JL& 131

Practice (2) a590 wisyai 73 '

If h(z) = €” cos z, find: (a) [h(z)dz, (b) 4 [ h(z)dz . [h(z)dz (b) « [H(z)dz (a) :a29i vh(z) = e*cosz Y5 131

L B 1 Homework (2) (Jjio w219 4 .

If f(z) = In(2? + 1), find the value of: [ f'(z)dz. .J f'(z)dz :yladodl dosd 2291 vf(z) = In(z? + 1) LS 131

magdymath.com 0562721972 © YouTube * Telegram @
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Comprehensive Integration Rules - Cheat Sheet

| Exp & Log Rules dunisylégllg duw il JlgaJl [ | Power Rules duwlw il sgill scigd [

f’;((:))dm=]n|f(x)|+c Jidz=Inlz[+c fadz=az+ec
[e™tdz = Leawtt o [e*dez=e"+c [z"dz = :’:11 +c (n#-1)
[ f(z)ef@ dz = /@) + ¢ ] [(az + b)" dz = (“:Eﬁ_):;l +c
. S \. S

Trigonometric Functions

[sec’zdx =tanz +c fcoszdr =sinz +c [sinzdz = —cosz + ¢

Jescxcotzdr = —csce+c [secxtanzdr =secz +c fesclzdz = —cotz+c

Inverse Trig Functions dusoll ddiliodl Jigatt [ _.
[ sk do = Tton (2) 4 [ do = tan e b
fﬁdw:sin_l(%)+c f~/11_7dm:sin_1m+c

j‘md@-=%s@c—1(%)+c fmdx=sec_la:+c

Properties of Integrals agaoanll gt JoBUI yolgd [s]

goaaJl GLevdo AUl gjgiy 1 (1) cult: fkf(a:)dz = kff(:c) dz
9i wipudl e Tagi gigis 49 \psJlg
o | @ guisut [[f(z) % g(a)] da = [ (@) da + [g(c) da

magdymath.com 0562721972 © YouTube » Telegram = Page 6
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Applications: Negative Exponents & Radicals J932J19 A ludl guuw I Jo &S : Ol I

vk = o G byl sy Bl pliad| @by VT = o7 A S5g4ad yiadl Yugals Uei Wi foni i y553
Remember: Prepare the function first by converting radicals to fractional exponents and moving denominators to numerators.

| * % Example (1) Jtio B .

Find the integral: [ 2 dz. J % dx 13920001 gué Jo 81 aogi

r
N

Practice (1) 4990 wujai #

Find the integral: [2~*/%dz. Sz dz radlud | (§ pnsI 1 gu 1 g3 Jo AU .\.?gi

*& Homework (1) Jjio wolg 1 |

Evaluate the integral: [22%dz. J2ztdz : JUWI Jo LI dosd aogi
Applications: Integration of Radicals J9iaJdl Jo & : O liun I

Ao =z UolSadl Jub dy s Gl 35940 I dugiadl Sygundl Ji9aT waag 1l 4855

Remember: Convert the radical form to a fractional exponent before integrating {/z™ = 2.

A% Example (2) Jtio B |

Find the integral by converting the radical: fi’/;dz ,f\a/a?dz yaadl Jugadis JUWI Joldul .\.'_;gi

Practice (2) 4590 cujai #

Evaluate the integral: f—%dx f% dz :(pliadl b yiaJSl) Jo LUl dosd aogi

L.

| *R R Homework (2) ‘“)JM wwlg it '

Evaluate the integral: [tv/dt. .ftﬂdt :(Jio O w9udo sudio) JolaUl .\p_gi

magdymath.com 0562721972 © YouTube * Telegram
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Applications: Integrals Yielding Natural Logarithm bl ol Legl dssgodl Jlgadl Jolsl : Sl I

W@ YJlois b Alodl Wil . sgdl 8aeld Guboi o Wil v [ L dz gi o(—1) g0 gl g5 13] :dolo ABo U0
.J 3 dz =ln|z| + ¢ s el plyyLEgUI
Important Note: If the power is (—1), we do not use the power rule. The integral is the natural logarithm: [ ldz=In|z|+e.
& Example (3) JGo B |
Evaluate the integral: [ o dy. J %dy 1 J U Jo 80l dosd angi

w

N

B E Practice (3) 4290 «uysi .

Evaluate the integral: [ % dz. f% de :Jo 8| doub a9l

L.

.

| R ; Homework (3) Jjio w219 if .
Find the integral for the constant function: [ 3dt. .f3 dt :dis QI W1l JolSUI .\p_gi

-

y

Applications: Integration of Linear Functions to a Power  (dubd dis aldls) 69t ggdyn gugdll JolsS : S liuhs I

ole puuiii® o5 vaolg Judio dils ywgdll Jolhi vdubs Wl yugdll J31ay Lo g8 131 :dwgiantl dlududl Sacli

-[(az + b)"dx = (a:(:i):;l + ¢ 'z gaaiodl Jolao

Rule: For a linear inner function, apply power rule to the parenthesis, then divide by the coefficient of z.

Example (4) JGo B |

Evaluate the integral: [(2z — 1)*dz. J(2z —1)*dz 1 JWI Jo iUl aogi

Practice (4) 4390 wujsi .

Evaluate the integral: I(_aﬁ?a? de. .fﬁ dz :pliall b gugdl JoliUI asgi

Homework (4) ‘_..)J-I-O olg ih |

Evaluate the integral: [v/5z — 3dz. .JV5z — 3dz :(yi> dind ywed) JolLUI .\p_gi

magdymath.com 0562721972 © YouTube * Telegram '«
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vy s g i WLy gaiy J9iatl 0 YadAUL o WA juaad o 25U « Jo U1 dutoc elgal Jub :dbodo @
lailo o Jouu T:g.\p ol o bl ady Sloliodl go yaldillg
# Note: Before integrating, prepare the function algebraically: convert radicals to fractional exponents and move
denominators to the numerator with negative exponents.

Simplifying Functions & Integrating Sums/Differences dooaotl 3g9aatl Jolaig WISl o spuise S I
B Example (1) Jtio B |
Evaluate the integral: [(4z® — 3z)dz. ((0joL> 390 8.’._1_35 ) ?Il.'i.ll Jo Ll .\:_gi

J(42® — 3z) dx

Practice (1) 4290 wujai '

Find the antiderivative: [(6z® — 2z + 5) dz. .f(ﬁz2 — 2z +5)dz :dduo Il VI .\.?gi
p A
| * R Homework (1) %,Jy.n w9 .
Evaluate the indefinite integral: [(12z° + 4z) dz. ,f(12;1:3 + 4z) dz :39a00J1 jut Jol8iJ| doud .\."_:gi

J

Evaluate (prep radical first): [(3z® — \/z + 2) dx. .f(3g,-2 —Vz +2)dx :(ilgiJ.'\.:_\.ll Joo) Jolsul .\.?gi

Practice (2) 4590 wujai 7 .

Prep and evaluate: [ (’?/1_5 — ;ﬁ; + %) dx. y9iaJdl Jygaig Tloliall gdys JolSUI aogi
S(& 5+ 1)d
VERE

A"

J
PN Homework (2) Jjio wiolg

Evaluate: [ (428 + 4 - ) da. . (4\‘/:?+ % - g) dz :a0a0J1 JoLidl Jol5UI agi

magdymath.com 0562721972 © YouTube » Telegram =
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Twelfth: Expanding Brackets & Distributing Denominators pliotl gsjgig yulgd il cld duasllfiwl spiie ‘!Ilj I

ade guaw il goo §535) gujoill ddoay gulgh il b caay .dowuillg wuddl Gidocs (Lo JoWUI gjgiy o :aiil |
WJOEUI Jud bl 3930 @102 Lo 3aJl 3109 pliotl 21j9ig (il
1 Attention: Integration doesn’t distribute over multiplication/division. Expand brackets and distribute denominators before
integrating.

Evaluate (Distribute first): [ (t"‘ - ;li!) dt. Jt (t3 — %) dt :(f.lgi Al gejgi) JWI JolEUI aogi

Practice (3) a5g0 wwjai '

Evaluate (Fractional exponents): [z%/3(z!/3 — 3) dz. 18y g | g il by Jo 5 Ao gi
Ja&?3(a? - 3) da

. J
BE2XR Homework (3) (Jjio <1219 it |
Evaluate by expanding brackets: [ /z(z? — 4z)dz. S E(3? - 4z) da sgulgb il by JolAUI o gi

J

B2 2R Example (4) JGo B

Evaluate by distributing the denominator: [ ’—a"'f;:ﬁ dz. J ‘—a“"i’;ﬁ dz :luaud| (le pliodl g4 joiy JolSUI FeYy]

Practice (4) d290 i # .

Evaluate by dividing first: j'&"tg‘ﬂ dt. J %‘ﬂ dt :ilgi doudIb Jo &I aogi

AS

AhRRR Homework (4) Jjio cialg /& |

Evaluate by expanding then dividing: fﬁ)f'—”l dx. rdouudll .nﬂ' j.lgi Gwlgd Ul clay JolsUI .\.:_:gi
f (2—2)(z+3) d
J—r—dz

magdymath.com 0562721972 © YouTube » Telegram 4
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oHb Guii U9 (22 =2 4 1) iyl 3905 pros Lo dayjgis podi 1 dd aolg 45 (0 J98iy pLED 3929 aic :dBo U @
WJOBEUY cadl Jud douuil YL b guaw il
# Note: When the denominator is a single term (monomial), distribute it across all terms in the numerator, then subtract
exponents before integrating.

Thirteenth: Distributing Monomial Denominators aaJl auog plioJl gy jgi duasl kil s EUG I
AR Example (1) Jtio B |
Evaluate by distributing the denominator: _['”a;:;*—l dz. J 24'342”10&. :pliodl gyjoiy JWI JollUI .\.?gi

Practice (1) 4290 wujai /A

Evaluate the integral: IL:’Z‘& dz. J w&t : J U Jo Kl doud aogi

e

AS

Py Homework (1) Jjis wialg i

Find the indefinite integral: fﬁ;tug-g dt. ff;gﬂ dt :39a00d1 gué Jol8iJl aogi

L

A

row Example (2) Jtio B

Evaluate the integral with radicals: f% de. .ILVS_? dz 1y9iadl G153 WAl JolBil angi
T

,
L

Practice (2) 4590 wujai 7

P N f 3/4 3/4 5 P - H
Evaluate by distributing fractional power: _fﬁfsj—fdz .f E‘:;Tf dz :é_;.l.l.l..‘l.ll wudl gsjoiy JolBUl a2gl
. S

Homework (2) Jjio «12lg it |

Evaluate the integral: f%dx .f% dz ;59521 JLLis L Jo KU1 Aogi

T

magdymath.com 0562721972 © YouTube » Telegram =
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80 0JLais Y byl Jalad b 555 laayjgi 5oy b (b 9i @02 S9iny) Lo Tylaio pliasl Y8 13 il |
4932 Jle ginl Wl CULS 151 Gdlpatl b bl gi vpliall
1 Attention: You cannot distribute a binomial denominator. Factor the numerator to cancel the denominator, or multiply by
the conjugate for radicals.

Fourteenth: Factoring & Conjugate Strategy Golpotl b wpudIlg Judoil !l fiwl TPrTy &l I
AR Example (3) JGio W |
Evaluate by simplifying the denominator: [ £=L dt. J t::tl dt :;plodl JLuaidy Jo LUl asgi

Practice (3) d290 cwjai 7

Evaluate by factoring: f%dy. .f% dy :JulaI U Jo LUl .\.?gi

Yy Homework (3) Jjis w219 1t

Find the indefinite integral: [ ’;3__,_8 dz. J z:__f dz 13930001 e Jo AU Ao gi

Example (4) JGo B .

Evaluate (using conjugate or factoring): [ =2 dz. H(Julal gi GO1p0dl pladiwly) JolLUI a2gi
—4
J e

Practice (4) d290 i #

Evaluate by simplifying the radical: [ «75_:—,3 dx. J ji_fs dz yyiadl Jluaisu Jo Bl .\.:_:gi

Homework (4) Jjio «2lg |

Evaluate the integral: [ = dz. fj_z;_ll dz 1 JWI Jo LI a2 9gi

magdymath.com 0562721972 © YouTube » Telegram 4
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Ac1gdIl cuuns Wil dlolsay pgii (az +b) duhad dyglj Jle ©9ini iUl dditiosl Jlgall Jolsi sice :douo #
.dlosoJl Jub a.gjglll o by gulgd il &b Juii U9 "'z paiodl Jolao ‘_,I.nln.uﬁi.i“,nj A L 1
«# Note: When integrating trigonometric functions with linear angles (az + b), integrate normally then divide by the
coefficient of z. Expand any brackets first.

Fifteenth: Trig Integrals (Linear Angles & élog dubiJl Lig i) aditioll Jigasl Jolss spdue yuold
Expanding) (yulgdul
e Example (1) JGo B |
Evaluate the integral: [(3sinz — cosdz)dz. (dugl iyl b6 Suolao) JUWI JolsiSl .\a_gi

.J(3sinz — cos4z) dz

~ S
B2 Practice (1) a2g0 wujai 7 '

Find the antiderivative: [(sec 2z tan 2z + csc?5z) dz. .f(sec 2z tan 2z + csc?5z) dz :dudao D1 AI1aJ| .\.?gi

Homework (1) Jjio w19 14

Evaluate the indefinite integral: [(5sec?3z — sin2z) dz. .[(5sec? 3z — sin 2z) dz :39:0.0J1 yué JoLiJI dosd FEYY

Y Example (2) JGo B |

Evaluate (expand brackets first): [secz(tanz — secz) dz. :(ilgi G lgd Ul clay) JolsUI .\.?gi

.[secz(tanz — secz) dz

Practice (2) 4590 «wyai 7

Evaluate by expanding: [cscz(cscz + cot z) dz. .[cscz(cscx + cot ) dz 1@ joilU Jo U1 aogi

ey Homework (2) Jjis w219 1t

Evaluate the advanced integral: [cscz(secztanz — cot z) dz. [ cscz(secz tanz — cot z) da :padiall JolSUI .\.?gi

magdymath.com 0562721972 © YouTube » Telegram =
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Sixteenth: Simplifying Trig Functions using Sy Uniodl pladiwl ddtiodl Jlgatl b jpuiae gu sl
Identities J9uusilg

) Jio daw L il Slistaiodl e Syl vuds oSl Jo Il QS pud dy puss duiliodl WIS SULS 130 sdisl o
.Jolil doglao Jlgs (498 aogall pliall Juady pb gi vhouwdl b (sin’z + cos’z = 1
| Attention: For unintegrable trigonometric fractions, look for Pythagorean identities (sin’z + cos’z = 1) or separate the
denominator to form known integrable functions.

*A R Example (3) glio B '
Evaluate (using identities): [ %dx f%‘% dz (Sl Uniodl pladiwly) Jo S| aogi

'd
p.

Py Practice (3) dogo ujai 7

Evaluate the integral: [(tan’z + 1) dz. J(tan?z + 1) dz s J G JoEUI FEYY

A

*thtH Homework (3) L“,lJ..l.n g

L.

Evaluate the integral: [(1 — sin’z)sec’z dz. Ja- sin’ z) sec’ z dz : Jo A1 229l

A

ey Example (4) JGo B |

Evaluate (by separating denominator): [ Z‘;_,_‘: dz. f%—.::.‘}%dx H(pliotl Juody) Jol5i| .\_?gi

A

,
A

Practice (4) 4290 <ujsi #

CO8 T

Evaluate the integral: [ 2%% da. f:l—':'f; dz :0484J1 gubis JolBiUI .\:_gi

ey Homework (4) Jjis wialg i

|
p.

Evaluate the integral: [ —4— da. J == de :OUgliol JolAUI a2gi

cos2z
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lpadiodl pdylg /o™ = o7 Ay paus guw i Lodgog yeiatl g (PETR Soyl 10pdiln Jolhig gl U :dolo Abo o @
In|z| 9o Lasls ool o1 Aiadl a3l Saclidl p53h9 . lw guuw il buul pliotl oo
# Note: Convert radicals to fractional exponents, and move denominators up with negative powers. Remember: The integral
of zlisIn|z|.

Seventeenth: Exponential & Logarithmic Integrals 39aaJ| junaig duaisyléglig duw il JIgaJl Joo LSS spuiee & lw I
| *R Example (1) ylio B '
Evaluate the integral: [ (e® + L — cos 2z + 1) da. H(8joL daoao Jl9s) JEI JolsUl angi

J(e8+ % —cos2z +1)de

Practice (1) 4290 s 7

Evaluate (prep radical first): [ (22 + zv/Z + ¢ — sin 3z) dz. :(ilgiJ.'\a.ll oadiy) Jolsil aogi
-/ 2z + z/z + € — 5in 3z) dw

Homework (1) Jjio 2lg it ..

Evaluate the indefinite integral: [ (4¢** — Z + sec’z) dz. J (4eaz — 24 sec? z) da 13920001 pué JolSUI a9l
p A
*A R Example (2) Jtio B '
Evaluate (prep exponential & radical): [ (2m‘1 + ﬁ - :c) dz. (dyyiodl daw U1 W11 junnis) JoldUl .\.?gi
-1 1
J (2::: + 7= :v) dz

Practice (2) 290 s 7

Evaluate by lifting denominators: [ (% ++ :\:3) dz. J (% + ?1? + :cs) dz :oauad) pliotl @by Jo S| 229l
. J
B 22 Homework (2) Jjio <219 % .
Evaluate the comprehensive integral: [ (% —e 4 \/8_6”) dz. - (31; —e 4 ve‘h) de 1 Jo il Jo sl .\qgi
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gl $535) g Nl b Aol aicg vy Il @oad wipudll sl Ll Giad duw i1 Jlgadl :ddiil
Ao U1 W1 syl cadl Jub pliadl gjg 9i gulgd il Jo its galdd (ef-eT=el=1
1 Attention: Multiply exponentials = add exponents. Divide = subtract exponents. Expand brackets and distribute
denominators before integrating.

Eighteenth: Expanding & Distributing Exponentials plioll gsjgig ywigd i/l clay duw il Jlgatl g yuiie JoU I
*AR Example (3) glio B '
Evaluate (Distribute first): [e%(2¢* — 3) da. [ e*(2e% — 3) d (Vi wpaidIl 2293) JWI Jo iUl angi

Practice (3) dog0 «ujai #

Evaluate (Expand perfect square): [(e* — e *)?dz. J(€* — e7%)? da 1@y g0l gugddl Elay JolSUI o9l

. S
TR Homework (3) Jjio wolg

Evaluate by expanding brackets: [e**(e™® + 4¢’) dz. J e (e + 4e™) dz :gulgb Il Elay Jo KL aogi

% & Example (4) Jlio B

Evaluate by distributing the denominator: [ <2 dz. J EE dz spliadl gy jgiy JoBUI aogi

Practice (4) a290 <uyai 7

Evaluate by dividing first: fi’:?rk dz. J 22" gy :flgi douudIly Jo Ul angi

T

B2 T Homework (4) Jjio wialg /& |

Evaluate by distributing denominator: [ e . = J el g ibaud| Jle pliodl gyjgiy JolSUI .\.?gi

el
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Pplial Lewubdl adyylégll S9luw JolBUI L vdo I pliodi ddidio 9o buudl g5 131 sl L U1 Sactisl &

f'(=)
. f(x)da:=]n|f(m)|+c

o Basic Rule: If numerator is the exact derivative of denominator, result is In|Jdenominator]|.

Nineteenth: Log Integrals & Constants CulgUl Jyanlig alyylégll Galolss TPy gwbl I

Example (1) Jtio B

Evaluat / e dz f e d: “ul i
valuate: I AD
<13 Jo >9

Practice (1) 4290 wusyai /4

Evaluate:

Homework (1) w19 {4

3e3? 33 i
: dzr s o &Sl |
Evaluate / 1 2 / % 12 dz :Jo ey

Example (2) Jtio B

Evaluate: / 333_ 3 dz f 3@3_ 5 dr :Jo&iJl aogi
R Practice (2) 4590 «ugai 74
Evaluat / 5 dz > d WUl aogi
valuate: 5z 41 e + 1 T :Jo asg

,
x

* R Homework (2) w9 %
Evaluat / 4 4 =2 i getsut ansi
valuate: 74z T 7 4z s Jo aogl

-
L.
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Pl ol diiduw auod buudl Jyaell dyl Gle Jo BT douubg wpud) 2Uad 25 :auoli

. Hint: You may need to multiply and divide by a constant to adjust the numerator.

Nineteenth (Cont): Adjusting Numerator Culgl buudl Juaal jpdie gl dlass I
'R B ] Example (3) JGo B
T T .
Evaluate by adjusting numerator: f f dz bl Juseis Jol&ill aogl
z2+1 z2+1 G )

Practice (3) 4590 wwjai #

I R & ] Homework (3) wolg {4

3z? 322 . .
Evaluate: /:.':3+5 dx ./.1:3+5 dz :JolsUl a9l

A J

*RE R Example (4) JGo B

_7 _7 £
Eval H : i
valuate /2..":+1 dx / 2z +1 dz :JolsUl a9l

*RR Practice (4) 4290 i #

5 5 . .
Evaluate: / 32— 2 dz f 3z — 2 dz :JolsUl a9l

Homework (4) w219

Evaluate: /42__‘3_. 5 de / 4m__|3: 5 dz :Jol&Ul sogi
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Aiidiatl &9y Jaoudis Dgi plinsl b yulgbiil clb sasali |
. Hint: Expand brackets in the denominator first.
Twentieth: Simplifying Denominators Sl budg pliotl buwd 19 uinc I
I R B | Example (5) JGo B
2z +1 2z+1 . . . .
Evaluate by simplifying denominator: —dz ——dz :pliadl bauwudy JoBUI aogl
z(z +1) z(z + 1)

Practice (5) 4590 «wjai

Evaluate: M dz

z(z —3)

*h® Homework (5) w219 %

3z? — 2 3z2 — 2 .
L [ 32 ST T2 dr o &UI aogi
Evaluate 2@ —2) x f 22— 2) dz :Jo aog

*ARER Example (6) JGo B

Evaluate: / 5z dz 52° dr :JoLil aogi
* 274 -5 34 _ 5 . >9

' 2 2 B Practice (6) 4590 wuyasi #

Tx? Tz? . .
Evaluate: /a:3+2 dz 512 dz :Jol’Ul asgl

Homework (6) w219

4 4
Evaluate: / 523: dz f 2z dz :JolEUI aogi
z°—1 x5 —1
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S0 pj g1 Wadysalig didall 8yLisl o Loils 28T vigw ilg dxiliall Jigall b il |

1 Attention: For trig and exponential functions, always verify and adjust the derivative’'s sign.

Twenty-First: Trig & Exponential Log Integrals duww g ddiliost Jlgals duoiyylég) Sulols] sgguiteg s> I

'R R | Example (7) JGo B
sec’z sec’z :

Evaluate: dz dz :JolEUl aogi
tanz tanz

Practice (7) 4590 wwujyai

csc’z iz csclz
cotx cotzx

dr 85Ul budy Jo Sl aogi

Evaluate by adjusting sign:

R Homework (7) w19 {4

sec’(3z) sec?(3z) . . \
Evaluate: /mdx md& .d-ﬁlé.u.ll "?9'

L & & Example (8) JGo B

ef—e? e —e” .
Evaluate: /7 dz —————dz :Jol&iJl a9l
e’ +e* et +e* ’

A"

' 2 2 B Practice (8) 4590 wuyai #

2e2% _ Qe 2% 2e%® — 2e % . .
Evaluate: /wdx fmdx :Jo AUl Al

Homework (8) w219

5z —5z S5 —ba
e —e e —e .
Evaluate: /—d:c f—xd:v 1 Jo U a9l

edz + e—5z eSx + 6_5
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iy LegUl Sacld Gaudolid %, ﬁ);m ul!f.n.il: WJgo cot z g tanx Jlgatl :duadlfiaul #

«# Strategy: Convert tan and cot functions to fractions to apply the log rule.

Twenty-Second: Converting Basic Trig Functions e L 1 dailiol | Jigadl Jugad g9 iacy ‘._!il.‘l I
*Ah R Example (9) JGo B
Evaluate by converting function: /cot zdx fcot Tzdzr WIJI Jugaiys JolAUI .\a_gi

Practice (9) 4590 wwjai

Evaluate: /tana:dm ftana:d:v : Jo LU Ao gl

*h® Homework (9) wslg 4

Evaluate: /cot(4a‘:) dz fcot(4a:)d:v :Jo8UI aogi

1 2 2 B Example (10) JGo B

Evaluate: /ta.n2a:da: ftan2md:v :Jo LU angi

p.

' 3 2 B Practice (10) 4590 wuyai

Evaluate: /cot3mda: fcot3a:dz :Jo LU angi

Homework (10) w219 {4

Evaluate: /tan5a:d:1: ftan5a:d:v :JoLUI aogi
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JIn(a) — In(b) = In($) plisylégul yolgd padiuwl A5l SlaliyylegUl aosd ;B il sl

« Final Challenge: Use log subtraction properties to combine results In(a) — In(b) = In(a/b).

Continued: Converting Trig & Composite Integrals duSeall Sl BiIg a._gilin.ll JiIgaJl Jugad :dloss I
' X R B Example (11) Jto B
Evaluate by breaking down: f(cot:c + tanz) dz f(cot z+tanz)dr :SAUL JolKUI Adgi

Practice (11) 290 wuyai #

Evaluate: /(cot 2z + tan2z) dz /(cot 2z + tan2z) dz :Jo LI a2gi
'R B R | Homework (11) w219 4
Evaluate: /(cotm —tanz)dz f(cot:r —tanz)dz :JolUI aagi

-
LS
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./ef(“) - fl(z)de = @ + ¢ . oylgay gu il diidew 3929 iy ef(®) daww I DI Yo 55 il I 2ot #

# Basic Rule: Integrating ef(?) requires the exact derivative of the exponent adjacent to it.

Integrating Exponential Function e duw i1 I JolsS :Jgpiuallg guo Bl I
1 & Example (1) JGo B
Evaluate (Linear exponent): /ez"”""ld:c fezz+1 dz :(E,h.'i i) Jolsi| .\o_gi
*® Practice (1) d290 wujai 7

Evaluate: /eh_ad:c /843—3‘1‘: :Jo LU angi

'd
A"

»
»

Homework (1) w219 4

Evaluate: f5el_2zda: f5el_2:°da: :JoLUI aogi

-
\

TR Example (2) Jto B
Evaluate (Derivative exists): fcosa:e"‘m”d:n fcosmesmxdm :(639290 ddiduoll) JolSiJl a2gi

e
x

Practice (2) d290 < yai #

Evaluate: f3:nze"‘3d:c f3a:2ez3dx :Jo LU angi

| ,
A"

*® Homework (2) w219 {4
Evaluate by adjusting negative: fsinmec"”da: fsmmecm”dz tod Lud | pdgiy Joo U1 .\o_gi
L. >
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Continued: Integrating Exponential Function A i W1 Jol8) 19 uirallg yuolBJI dloss I

*h R Example (3) JGo B

—
[y

Evaluate (Radical exponent): / e‘/;d:c f eﬁda: : i i L] Y- i
W W (§432 yul) Yo 9

A

L.

X2 Practice (3) 4290 uyyai 7

1 .

Evaluate by adjusting derivative: / Le:"‘/;d’:c f — V7 gy adidat buay JolliJl aogl
Ve NG

-
LS

*h® Homework (3) wslg 4

e Ve eV
Evaluate negative exponent: / dx f dr :adludl guwil JolBiJl aogi

Ve NE

'd
A"

Ol g LégUIl yolgdy 9i Sliliodl wlus Sliythio pladiuwl duw il W11 joo :duadi fiwl

Strategy: Prepare exponential functions using trig identities or logarithm properties.

Twenty-Sixth: Preparing Exponential Functions i W11 paas sgguitellg gusludl

L & & Example (4) JGo B

2 2 - . . - =
Evaluate by adjusting constant: /a:e” dz fme” dz =|:l..llj douudg iy Jollil asgl

'd
A"

Practice (4) 4290 wuyai

3 £
Evaluate: /:czezs_ldm /a:zex “ldz :Jo &Il angl

AR Homework (4) w219 &
Evaluate: /zel_szzdx fmel_azzda: :JoEUI angi
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Continued: Preparing Exponential Functions Sloiyylégll yolgdg O liyUniol U duw il WIJI juoal :dloss I

I X 2 8 Example (5) JGo B

tans : & Uy Unial pladiuwl JolLUI aogi
e
Evaluate using trig identities: /—2 dz etane
1-—sin’z — 5 dz
1—-sin“z
N "

Practice (5) a290 wujai

eoota: ecot:c
Evaluate: — dx f 3 dz :JolsUl a9l
sm s T

'R R & | Homework (5) w219 %

Evaluate: f(l + tan’® )e'*"* dz f(l + tan®z)e'®™ % dz :JolliI a2 gi

p .

1 2 2 2 & Example (6) JGo B

\ Al e gUIg g il by JolBUI aogi
Evaluate using exponent properties: fez Hoz gy fexn_’_lnw de

Practice (6) 590 wuyai /4

Evaluate simplifying logarithm: fesm”+m(°°sx) dz -/.esmz"'h(mx)da: oy ylegll bouudis Jo 81 .\:_agi
'R R B | Homework (6) wolg 4

3z+In2 32+In2 . - .
Evaluate: /e dz fe dz :JoWBUI a9l
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. 1 1 z P
.plioJl g0 dgidiao Jole 351 gSog /mda: = —tan~! (—) + ¢ :dausall JIgal duww s il saclisl #
&x a a a
o Basic Rule: f #da: = 11:2&111_1 (E) —+ ¢. Factor out constants if needed.
2?2 + a? a a

Inverse Trig Integrals
* %

Evaluate:/mdz

e dgitio Jlgs Aliid SulolsS g9 uisallg gsludl

Example (1) JGo B
3
241

dr :JoLUI aogi

|
L

LB

Evaluate: /

5
de
z2 41

Practice (1) 4290 wujai /4

/’ 5

2241

dz : Jo KUl a2gi

*®

Evaluate: [

-2

z2 41

Homework (1) w219 i
-2
241

dz :JoBUI a2gi

/

TR
€T
3+

Evaluate (Common factor):/

Example (2) Jio B
z

3 dz :dfido Jole 35U JolBil angi
x4+

/

R

Evaluate: [

3z
4z

Practice (2) 4590 cuyai

3z
34z

dz :Jo5iI a0 gi

TR

Evaluate: f

2

xt + x?

Homework (2) w219 4

132

zt + 22

|

dz :JoEUI a29gi

/
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/ +dm =gin~! (E) + ¢ sl gyjgig J9iadl SdolsS
a

— a
# Sine Inverse & Distribution: fﬁdx = sin ™! (E) +e.
Continued: Roots and Distributing Numerator buudl ggjgig y9iJl :dlass I
Evaluate (Distribute num): / :2-:_11 dz f :2-:_11 dz :uudl ggjeiy JolLUI asgi

L 2 3 3 Practice (3) 4290 wwyai M
2z -3 22 —3 N :
Evaluate: [ 32_4_1 dﬁB f 32 + 1 da: =J.nl.‘i.|Jl .\D_gl

' 2 2 R Homework (3) w9 %
4x +5 4z +5 . ;
Evaluate.[ 211 dz 2211 dz :Jo’EUIl a9l

*R R Example (4) JGo B
Evaluat / 5 dz / 5 dz :Suolanl by JolsUI aogi
valuate: I — e—— ol

4 — 42?2 V4 — 422 s ’

*A R Practice (4) 4290 «isyai %
3 3 .

Evaluate: | —— dz ————— dz : Jo I a9l
[ / s o ot 29

"N Homework (4) wolg 4
Evaluat / —2 dz f —2 dz :Jo LI sogi
valuate: _—— —— :
V16 — 1622 V16 — 1622 )
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V22 = || gi 4545 /;dx = lsec_l (%) +cigulgddl dlig uusall gblisl @

|fu"|“ .-"wZ _ 02 a
1 1 T
# Secant Inverse & Expanding: f — = de= —sec! (— + c. Remember Vz2 = |z|.
ER /2?2 — a? a a
Continued: Secant Inverse & Roots J932J1l buwdg ulell gbldsl :dlos] I

L 2 2 B Example (5) JGo B

Evaluate (z > 1): f (z > 1) Jol&Ul angi

_72(;2, _/‘_72@
W Ve — o

*RAN Practice (5) a290 «uyai 7

Evaluate (2 > 1): f

dz (z > 1) Jo&UI sogi

3 3
—_—  dx J
N — /‘,/wﬂx — 22

R R R Homework (5) w219 4

Evaluate (z > 1): / dz :(z > 1) Jol&Ul aogi

5 e / 5
2vVat — 22 2/ z% — 22

' 2 3 R & Example (6) JGo B

Expand brackets:qu/(:r — %)3 +4dz f\/(a: — %)2 + 4dx :(:c > 0) ulgd il clay

' 2 2 A B Practice (6) 290 cuyai £

Evaluate (z > 0): [4/(2z — 5)% + 4dz f\/(2:t: — 5-)% +4dz :(z > 0) Jo&UI agi

LR R R R Homework (6) w219 4

Evaluate: /1,’(8"' —e?)2+4dz /.‘/(e‘c —e7%)2 + 4ddz : Jo KUl an9i
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T

Ladl Jub 7.;.39 Whaslg duliall Slislniall galy :dols dBsuo &

A Important Note: Review and memorize trigonometric identities before starting.

Trigonometric Identity Integrals ddilioll SldsUniall Sulols] g uitallg JolUl I

* % Example (1) .JLb i

Evaluate: /.(sin2 5z + cos’ 5z) de f(si.u2 5z + cos? bz) dz :Jo &Il angi

* % Practice (1) 390 cuyai 4

Evaluate: /(si::l2 3z + cos” 3z) dz f(asei.n2 3z + cos? 3z) dz :Jol8iII agi

L B 1 Homework (1) w219 4

Evaluate: /l4(sin2 7z + cos? Tz) dx f4(sin2 7z + cos® Tz)dz :JoLUI a29i

*Rw Example(Z)dfi.n i

Evaluate: /tanzxdx ftan2 zdr :Jol&UI agi

R R Practice (2) a5g0 <uyai 74

Evaluate: /cotza:d:c fcotzzd:z: 1 Jo 81 a9l

L 2 & 1 Homework (2) w219 4

Evaluate: /.tans 2z dx ftanz 2z dz :JoEUI agi
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Continued: Double Angle Identities (plodl carng i) dygl Yl bowd SlhyUnio :dlos] I

L 2 2 Example (3) Jlio B

Evaluate: /(0032 z —sin® ¢) de ‘/’(cm2 z —sin’ z)dz :Jo &Il s2gi

%% Practice (3) €390 iyl

Evaluate: f(cos2 3z — sin? 3z) dz [(cc)s2 3z —sin’ 3z) dz :Jo &I a2gi

L 2 & 1 Homework (3) w219 4

Evaluate: [(sinza: — cos? z) de f(suf T — cos’ z)dr :JoEUI aogi

AR R Example (4) Jts R

Evaluate: fZSiD.:BCOSdez /25i.nmcosa:dm 1 Jo 81 aogi

LB 8 & i Practice (4) 290 wusjai 7

Evaluate: f23in4:ccos4mda: f2sin4mcos4mdm :Jo UL angi

TR Homework (4) w219 4

Evaluate: fsi.n5a:cos5a:dz fsin5mcos5mdx 1 Jo 81 aogi
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cos?z = (1 + cos2z) 9 sin’ & = 3 (1 — cos2z) :8gdl YALddS Slislnio
# Power Reducing: sin®z = 1(1 — cos2z) & cos? 2 = 1 (1 + cos 2z)

Continued: Power Reducing Identities (gl Yl uni) 6gill yordss SlisUnio :dlosl I
L 8 8 8 1

Example (5) .qu) i
Evaluate: fsi.nzzdz fsingzcd:c :Jo 81 angi

L8 & 8 ¢

Practice (5) 290 wusyai /3
Evaluate: /sin2 2z dx fsi.n2 2zdx :Jol&UI sogi

L8 & 8 ¢

Homework (5) w219 %

Evaluate: /.2si.n24{cd:c f2sin24$d$ :Jo BN aogi

L8 & 8

Example (6) .qu) i

Evaluate: /cosz&cda: [00823$d:c :Jo LI angi

L 8 8 & ¢

Practice (6) 4590 wujai 74
Evaluate: /cosz:cdx fcoszzd:c 1 Jo 81 aogi

L8 & 8 ¢

Homework (6) w219 %

Evaluate: /.400825$d$ f4m825$d$ :Jo LI aogi
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(sinz + cosz)? = 1+ sin2z JOLSII gypoll ELb g 1+ cos 2z = 2 cos® z :doadiio Iliylnio
# Advanced: 1+ cos2z = 2cos® z & Expanding (sinz + cos z)? = 1 4 sin 2z.

Continued: Advanced Identities & Expanding

L8 8 8 8 ¢

Gulgd il élbg doaiiio & LisUnio :dlass I

Evaluate: fl-l—ﬁdz

Example (7) .qu) i

1
—dzx
[1+cos2a:

:Jo LI angi

L 2 2 2 & Practice (7) 290 <ujai 5
1 1 .

Evaluate: | ——— — = dz : i

valuate /1—c032::dx [1—00823:da: JoLEiI angl

L8 8 8 8 ¢

Homework (7) wolg %

2 . .
f T T cosdg 0% 1oLl 29l

Evaluate:

2
/.1+cos4:ndx

L8 8 8 8 ¢

Example (8) .qu) i

Evaluate by expanding: f(sin:e + cosz)?de /(sina: + cosa:)z de :guledill élay Jol&iUl aogi

L 8 8.8 8

Practice (8) dog0 wuyad 74
Evaluate: /(sm:c — cosz)’dz /(sm:c —cosz)?dz :Jol&isl a2gi

L8 8 8 8 ¢

Homework (8) wolg %

Evaluate: /l(sin3x+cos3:c)2da: f(sin3x+cos3$)2 dr :JolEUI asgi
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tan?z = sec’z — 1 9 sin’z + cos? & = 1 :dswlw Il S lisUnioll goly :dolo Aboilo &

a Note: Review fundamental identities: sin® z + cos?z = 1 & tan?x = sec®z — 1

Trigonometric Identities ddilioll SEsURIaII pladiwl 19 inallg goll I

* % Example (1) .qu) i

Evaluate: f{sin2 5z + cos® 5z) d f(sm2 5z + cos? bz) dz : Jo &I aogi

% Practice (1) a2g0 cusyai 7y

Evaluate: f(sin23m+cosz3m)dm f(usin2 3z + cos? 3z) dz : Jo S sn9i

R Homework (1) w219 4

Evaluate: f4(sin’ 7z + cos? Tz) da f4(sin2 Tz + cos? 7z) dz : JOEUI 22 gi

& B Example(Z).JLb i

Evaluate: ftan’:cd:c ftanzzdm s JolaUI .\.?gi

*h% Practice (2) a290 wusjai 74

Evaluate: fcotzmdm fcotzzd:n A rIrpesy|

L 2 & 1 Homework (2) w219 4
Evaluate: ftan’m;dz ./"I:an:l"2 2z dzx : JoBUI .\.?gi

magdymath.com 0562721972 © YouTube » Telegram =




Student Edition - wuJUnJl diaui

24inz cos 2 = sin 2z 9 cos? ¢ — sin? ¢ = cos 2z :dugl Pl howd Slislnio
# Double Angle: cos® z — sin® z = cos 2z & 2sinz cos z = sin 2z

Continued: Double Angle Identities (ploill w9 cuadl) dygl i bawd OlbsUnio :dloss I
LA A

Example (3) .qu) i
Evaluate: f{oos’ z —sin® z) de

/(oosz:u —sin’ z) dz : Jo EUI 22 gi

8 8

Practice (3) d5g0 wujai 74
Evaluate: f(cos’3m—sin23m)dm f(oos23z—sin23z)dz R pesy|

L 8 8 1

Homework (3) w219 &

Evaluate: f{sin’w—cos’:u)da: f(sinzz — cos” z) dz (e lw o @o) JolsiI Yy

L8 8 8

Example (4) .qu) i
Evaluate:fzsinwooswda:

f23inzcoszdw 1 Jo 81 a9l

L\ B B & Practice (4) d2g0 wuyad 74
Evaluate:f2s.in4mcos4mdm f2sin4:wos4zdz:d.nl.§.‘i.ll.\.?gi
L 2.8 &

Homework (4) wolg %
Evaluate: fsinchosSzdz

fsin5zms5mdz Gy G gudgiy JolEUI aogi
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cosz = 1(1 + cos2z) 9 sin?x = L (1 — cos 2¢) :(duglisl whuni) S9al ybuddl Slislhio
# Power Reducing: sin’z = 1 (1 — cos 2z) & cos? z = 1 (1 + cos 2z)

Continued: Power Reducing Identities ogill yarasdi OliyUnio :dlasl I
LA 8 8 1

Evaluate: fsinzwda‘.

Example (5) Jlio B

fsin%dz rIrpery|

NRRRXR

Practice (5) d590 wujai 74
Evaluate: fsin22zd:e

fﬂillﬂ 2z dz :Jo LI s29i

L8 & 8 ¢

Evaluate: f2 gin? 4z dz

Homework (5) w219 %

f2sin24mdz A rIrpery|

L8 8 8

Evaluate: foos2 Sz de

Example (6) Jlio B

fcosz3zdm s Jo LI aqgi

L B B B Practice (6) 4590 wujai 74
Evaluate: fcoszmdm fcoszzd:c 1 Jo 81 aogi
L 8 8 8 1

Homework (6) w219 {4
Evaluate: f4cos’5¢da:

f«:tcos"z 5z dz : Jo L&UI a.'?gi
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# Solve by conjugate or using identity 1 + cos2z = 2cos? z.

Continued: Advanced Identities & Fractions

L8 8 8 8 ¢

.1+ cos2z = 2cos? z &y Uniay 9i v G61p0S1 (b pAIU JIgudl Y5 G50y &

J9uwsIlg doasdiall OlisUniall :dloss I

Evaluate:fﬁdx

Example (7) .Jfl.n i

f 1
1+ cos2zx

dz :Jo 81 a9l

L 8 8.8 &

1
Evaluate-fmdx

Practice (7) 390 iyl 4

1 . .

L8 8 8 8 ¢

2
Eval tf —
valuate f1+oos4wdz

Homework (7) wolg %

2 - .

L A A 2 & 1 Example (a)dfu) | |
2 =2

Evaluate: ls_inc;w %dz H(gaas ot Gub) JolEUI gl

2 8 & &

Practice (8) a590 «uyai 74

cos?z coslz N .
Evaluate: 1 _sing md‘m .J-ﬂu-l-" .ﬂp.gl
' 8 2 8 & | Homework (8) wolg %
;2
Evaluate: LSz
1+ cos3z

sin” 3z .
———dz : Jol&UI [
f1+cos3:cdx Jo 129
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-(sinz + cosx)? = sin’ ¢ + cos’ ¢ + 2sinz cos ¢ = 1 + sin 2z @y0dl Yugdl 1wl Ao o #
# Simplifying: (sinz + cosz)? = sin® z + cos® z + 2sinz cos z = 1 4 sin 2z.

Continued: Perfect Squares & Roots J9iJlg Jolil gy potl oy :dloss I

2 B2 & & Example (9) Jtio B
1+ sin 2z 14 sin2z v .
Evaluate: | —M— _— H (L] 1
valuate sinz 4 cos ¢ sinz+coszdz Jo 29
2 8 & & Practice (9) 4590 wujai 74
Evaluate: fﬂ 1—sin2z
sing — cosz

dz :JosiI1 s29i

sinz —coszx

L8 & & & 4 Homework (9) w219 %
1+sindz 1+ sindz - .
Evatuate: [ T S0+ cos 2z 1 AU a29l

LB 8 & &

Example (10) Jtio B

Evaluatez&[ﬂ,w]:fﬂ#dx fl‘fL;MJz iz € [0,7] JoBII agi

L 8 8.8 &

Practice (10) 4590 <uyai 74

Evaluatewe[—%,%]:[ﬂ@dz fﬁydﬁ::ze [—%,%] Jo Ul aogi

L8 8 8 8 ¢

Homework (10) w219 %
Evaluate z € [0,#]: fvl—cos2asdz f-\/l — cos2zde :x € [0,7] Jol&iII .\.?gi
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B Ll gy I Gpelg WIaSl oy a5 vaio galiil jiadl g5 SlhyUnioll padiwl :duadlfwl

# Strategy: Use identities inside the root, simplify, and check the quadrant for the sign.

Continued: Advanced Roots & Identities

Sl Uniaslg doadioll ygiadl :dlass I

Example (11) .JLb i
tan z

ARXRRXR
Evaluatexe[ﬂ,%):/%dx
—sin’z

dz :z € [0, %) JoUI angi

V1—sin?z

NRARXRXR

cot

™
Evaluate z € (0, §]= fm

Practice (11) daogo s jai 74
cot z

Viaas 17 € (03] JalsHt agi

L8 8 8 8 ¢

Evaluate z € 0, %): f

secs .
v1+tan®z

Homework (11) w2lg %
secx

vV 1+ tan?z

/

de iz € [0,%) JoUI a2gi

L8 8 8 8 ¢

Evaluate by expanding: [(tanw+ootz}’d:v

f(tanm+cotm)2dw rgulgd il lay JolSiI aogi

Example (12) Jlio B

RN

1
Evaluate:fﬁdm
BINl & CO8° T

Practice (12) dog0 wuyai 74

sin® z cos? z

L8 8 8 8 ¢

cos 2

cos? z sin” z

Homework (12) wolg {§

cos 2z

cos? z sin®

dz :Jo I a29i
T
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LY - e

Jdlio ddyUnias Jguogl plinsl G610 b W1 PLEog oy bl (Go1sall b wpdll) Lol Siolss &

# Special Integrals (Conjugate): Multiply numerator and denominator by the conjugate.

Special Integrals & Conjugates Go1patl .g,b UpASlg Lo Suols] g itallg gt I
RN Example (1).JLb | |
1 1 ‘
Evaluate (Conjugate): P Ee— dz R — dx H(GO1p0JU wpudl) JolEiUl 229l
1+sinz 1+ sinx

ARk R Practice (1) 390 cuyai 4

1
Evaluate: /; dx f—, dz s Jo I .\.?gi
1—sinz l—sinz

"R Homework (1) w219 4

1 1 ‘
Evaluate: /mdﬂ? /mdﬂf :Jo &I asgl

L 2 & & i Example(Z)dfi.n i

sec z+tan . . - :
H seczttanz oo ol) Jollil asgl

Evaluate: / secx dx
secx dx

*kw R Practice (2) a5g0 <uyai 74

csc x—cot x . . - P
:( cscz—cotz ¥ o) Jolil asgl

Evaluate: / cscr dzx
cscx dx

"R Homework (2) w219 4

Evaluate: /8803566158 fSGC3in$ :Jo LUl aogi
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Sl jlado pyihg AdLA] plini LL_pi €% /e* b Ipdl Wludl gudll go yaldil :

# Exponential Strategies: Multiply by e”/e® for negative exponents, or add/subtract terms in numerator.

Continued: Exponential Tricks

A A Sladl bl

e i1 I Juo :dloss I

1 1 e ) .
Evaluate: m dx m :Jo &I angl
L4 LIRS . S
Evaluate: m T m :Jo 58Ul angl
Eval / 3 dx ) dz I aogi
valuate: —_— - : l |
e 3% +1 e 3z 4+1 otz
1 1
z z Lo .
Add & subtract €” : /é’——H dz /m de :e 2Hbg WLOY JoLUI
ARRN

Practice (4) a590 <uyai 74

/ 1 1 dz I 209i
Eval : . EEre— H |
valuate 62"’ 1 823 T 1 Jo ang
"R Homework (4) w219 %

2 2 ‘

Evaluate: /ez——l—z / m dx :Jo 81 a9l
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Ul padivui vpliall doys > baudl doys SGlS 151 rilghall docuill

# Long Division: If num degree > den degree, use: Quotient +R"ﬁi"‘;‘|‘£’“ C

Thirtieth: Long Division & Rational Functions it | JlgaJlg &gbal dowuidtl :Jgs il

2 22 + 3
Evaluate (Division): / :_::dzb /$—de s(dowd) JolUI a2gi

Eval /3$_1daz 3m_1dae SUI aogi
valuate: ) $+2 :J0 asg

Evaluate: / z+9 dzx f LS o dx :Jo 8| .\agi
z—3 r—3 '
L 2 2 & & Example (6) JGo B
242 z? 42
Evaluate: / Zz I 1 dz /ﬁ dz :goul agi

L 2 2 2 & Practice (6) d2g0 cuiyai /4
2 2
T xr
Evaluate: dz ——— dz oI aogi
valuate /a:z—i-l /m2+1 Jo ang

22 2z% + 5
Evaluate: /:2—_:_15(1;1: f;z—_:_ldm :&L’ﬁJI.\qgi
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(pbilg dlatudl 820l yusie) JLodiIU F(z) ddo il A1l syl @

# Finding antiderivative F(z) by guessing (reverse chain & product rule).

Thirty-First: Finding Antiderivative SRV dulo i DIl syl :geidislg sl

L 2 & & i Example(?)dfm i

Find antiderivative: f(z) = 2z cos(z?) f(z) = 2z cos(z?) sastwin wiu sagi

L8 & & i Practice (7) 290 <ujai 5
3

|

Find antiderivative: f(z) = 3z2e” f(z) = 3z%e®  astoint @1l s29i

cos(v/T
Find antiderivative: f(a:) = M f(a:) = (—\/_) 1o Il W1aJ1 a2gi

2z W

L A A 2 B 1 Example (a)dfu) | |
:dlo I W1aJ1 a2gi
Find antiderivative: f(m) f(il?) _ 1 sinz 4+ \/5 COS T

2Vz

2 8 & & Practice (8) dog0 wuyad 74

f(z) = e®sinz + e cos T :alo il W1 a2gi
Find antiderivative: f(a:)

L 2 & & & 1 Homework (8) w219 %

Find antiderivative: () flz) =2zInz + 2z :idoin w1l g
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(e g9ay) Glaudl anil yadli gglall sl ydgai pS Ao il 1Sl a2gi f:,f(m}dz = F(b) — F(a) :agaandl Jol&UI @
o Definite Integrals: f:f(x)dx = F(b) — F(a). Evaluate upper limit minus lower limit (No ¢).

Thirty-Third: Definite Integrals of Polynomials agaaJi .:.l,.;.‘isJ 393001 Jol&iIl :ggidisig SuLlul I
*w Example (1) dL’Ln a
3 3
Evaluate: f (2:’8 - l)d:c / (2;8 — 1) dx :doub aogi
1 1
* % Practice (1) d290 wuiyai
2 2
Evaluate: / (4:13 + 1) dx f (4$ + 1) dx :dosd azgi
0 0
L R 1 Homework (1) walg 4
1 1
Evaluate: f 3z? dzx / 32 da :doud Ao9i
-1 -1
2 2
Evaluate: / 323(33 + 2) dz / 323(:13 + 2) dx :dosd sogi
0 0
xRN Practice (2) 290 cu1yai 73
2 2
Evaluate: / 23:(.’8 - 1) dz / 2:’0(&3 — 1) dx :doud sogi
1 1
L R B Homework (2) wolg {§
1 1
Evaluate: / z(z +3)dz / a:(a: + 3) dz :dods sogi
0 0
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3922JU yogai ol sliens s duwlwill Jo Sl aclgh Gubi raganoll dypuusilg dew il Jlgasl Jol&i
# Exp & Rational Definite Integrals: Apply standard rules, then evaluate limits.

Continued: Definite Exponential & Rational ay puslg duaws il sganodl JolSUI :dloss I
L 8 8 1 Example (3) Jto B
In2 In2
Evaluate: / e*dx / e’ dx :doud aogi
0 0
1 8 8 1 Practice (3) d290 cuyai 7y
In3 In3
Evaluate: f 2e% dy f 2e* dz :doud aogi
0 0

L 2 B 1 Homework (3) walg 4

Inj In5
Evaluate: f e “dx f e dr :desd sn9i
0 0

L 2 & & i Example (4) JGo | |

1 1 1 1 «
Evaluate: ‘/; {B2—-|—1 dzx [:; Q’;2—-|-1 dz 1040 2291

L 2 8 & i Practice (4) 4290 cuyai 7y
V3 V3
1 1 ) .
Evaluate: 1 dx — 1 dz :doib aogi
0 z° +1 0 zv+1

TR Homework (4) w219 4

1 9 1 ) .
Evaluate: ./:1 :B2—+1 dz fl m2—+1 dr :dosd aogi

|
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JIn(a) — In(b) = In(a/b) plsylégUl yailasdg dpadul Ligil psd 4535 : & laiy yLigUIg s9anall ddiliodl Jlgasl Jol&i
& Trig & Log Definite Integrals: Remember standard angles and log properties In(a) — In(b) = In(a/b).

Continued: Definite Log & Trig dditiollg piyylégl 392001 Jo KU :dloss I
2 2 8 Example (5) Jto B
1 1
T X
Evaluate: f 2 dx / ———— dx :doub so9i
0o z¢+1 0o ¢2+1

PN Practice (5) 290 wuyai 73

2 T 2 T .
Evaluate: £ 214 dzx [; 3'32—-|-4 dz :doud a9l

L 8 & & Homework (5) w219 %
3 3
2z 2z
Evaluate: dx ———— dr :doub angi
valuate ‘/0' 22+ 9 ,/0 2219 doLd a9

L 2 & & i Example(ﬁ)dfi.n n
/3 /3
Evaluate: f sec? z dx f sec’ z dz :doad Aogi
/6 /6

L2 8 8 i Practice (6) a290 cuyai 74
/3 /3 )
Evaluate: f csc? zda f csc” T dx :dosd aogi
/4 /4

L R & & i Homework (6) w219 %

/4 /4
Evaluate: / 2sec’ z dx f 2sec? ¢ da :doud Aol
0 0
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-(c Cylist @o) sganall pié JolSiIl drlae clyal iay f'(z) Wididie o f(z) Al II V11 slayl :dLS LI Ustlaall

& Differential Equations: Finding f(z) from f/(z) means indefinite integration (add c).

Thirty-Fourth: Finding Antiderivative f(z) f(z) do i WIaJ1 slagl :ggiatislg pyl i

L 2 2 & & Example (7) Jlio B

/2 /2
Evaluate: f (sin 2z — cos 3z) dz / (sin 2z — cos 3z) dx :dous aogi
0 0

L 8 8.8 8 ¢ Practice (7) 4290 cu1yai 7y

Evaluate: f (cos 2z + sinz) dx / (cos2z + sinx) dz :dous szgi
0 0

L 2 2 B & i Homework (7) w219

/4 /4
Evaluate: f (sec’ z — sin 2z) de f (sec’x — sin2z) da :dous sogi
0 0

L 2 2 & Example (8) Jtis B

N a2 Lz :§iad Ul f(®) dodt Wil sa9i
Find f(z) if: f'(z) =32 —e F(z) = 32— °

AhRkx Practice (8) a5g0 «uyai 74
1§23 Sl f(Z) dodt dial azgi

Fina f(z) it f'(z) = 4z%+ 2¢” f'(z) = 42° + 2¢°

L 2 B & Homework (8) w219 §

:$ins Ul f(Z) doit Wil an9i

Find f(z) if: ff(m) =2z —3e” f'(a:) — 922 —3e°
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Lo U1 W11 syl Juowdd (sec’ 2 — csc’ 2 o) lisUniodl padiwl :Jo il Jub diidiall bawd &

& Simplify derivative using identities before integrating to find f(x).

Continued: Finding Antiderivative f(z) f(z) o i1 DIl 3oyl :dloss I

L 2 & & i Example(g)dfi.n i

:§ins Ul f(€) dodt Wil aagi

Find f(z) it: f'(z) = vz +sin2 f'(z) = V& +sin2z

L B 8 & i Practice (9) do90 wujai

:§iad i Lol sogi
Find f(z) if: f’($)=i—cos3m S f(z) alodt i aagi

vz £'(z) = % ~ cos3a

TR Homework (9) w219 4

;@85 Gl f(T) dodt Wil a2gi

Find f(z) w0 f'(2) =3Vz +sec’a f'(@) = 3Vz +sec’

L 2 & & i Example (10) JUGo n

:$ias JUI f(@) dod Wil aa9i

. T ! = 2 —_ 2
Find f(z) if: f'(xz) =sec®z —csc’x f'(z) =sec’x — csc’x

PPN Practice (10) a290 cusyai 7y

1§23 JUIl f(Z) dlodl Wl a2gi

Find f(z) it: f'(z) =secztanz f'(z) =secztanz

TR Homework (10) w219

1 §dad LUl T) duoil il i
Find f(z) if: f'(z) =csczcotz +sinz ‘9""""&:" f(z) a .-\-?9
f'(z) =cscxcotz +sinz
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Lyl saylg Uslaall Yo bpidl b Jheall a5llg ¢ doghs ydgai a5 itc Lisig Jolss :(calayl) Lulaiyul by pidl

# Initial Conditions: Integrate and add +¢, then substitute given 2 and y values to solve for the constant ¢.

Thirty-Fifth: Initial Value Problems (IVP) Al b il dulo I DI 3oyl :ggisisig guoBJI

L 2 A 2 & 1 Example (11).in.n | |

1o boyds g9sg  f(T) Wil a29i

Find f(z) given f”(z) (No conditions): f”(iB) = 12z + cos 3z

L 2 2 & & ¢ Practice (11) d290 wujai 4

Find f(z) given f"(z) : (@) =6z —sin2z :éus f(z) @ial azgi

L 2 & & & 1 Homework (11) wolg 4

Find f(z) given f"(z) : f'(z) =e* +cosz :éus f(T) wissangi

2 2 2 & Example (12) JUGo n
o fl(z) =3e"+2z g f(z) asei

Find f(z) given f'(z) ana f(0) =4 : f(0)=4

2 2 & & ¢ Practice (12) do90 wujai
o f'(z) =2e" —2z g1t f(z) a2ei

7(0)=3

Find f(z) given f'(z) anda f(0)=3 :

L B & & & 1 Homework (12) w9 4
9 f'(x) =e"+3z% g1 f(z) azei

fina f(z) oiven f'(2) ana F(0) =2 - £(0) =2
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.cos(m) = —1 g tan(n/4) = 1 Uio « ydygaill sic prill lut diliol 511 y535 1Sy Uniall diais Ul bogdul

# IVP for Trig: Remember standard unit circle values when evaluating constants.

Continued: Initial Value Problems (IVP) Ayl b il dulo I WIMJI 3oyl :dlos I

2 2 2 & Example (13) Jlo a
o Fl@)= L 12 guist f(@) s
T
f(1) =4

Find f(:,c) given f"(m) and f(1)=4 :

L 2 & & & 1 Practice (13) a290 wuysi 74

9 f’(:v)=%+3ac2 gB 131 f(a) a2ei

F1) =2

Find f(;c) given f’(:!!) and f(1)=2:

L 2 & & & 1 Homework (13) wolg 4

|

9 f’(ﬁ’)=—g—1 o 131 f(x) a2ei

f) =1

Find f(z) given f'(z) and f(1)=1 :

2 2 2 & Example(14)dL"i.n n

9 f'(z) =sec’z g1t f(x) azei

f(g)=-1

Find f(:c) given f’(w) & f('ﬂ'/4)=—1:

L 8 8 8 & ¢ Practice (14) a290 usyai 7y

o f'(z) =cosz g1l f(z) a2ei

Fndf:!: venf’:c fﬂ'6=12=
ind f(2) gi (z) & f(n/6)=1/ f(z)=1

L R 2 & & § Homework (14) w219 %
9 fl(z)=sin2z g1 f(z) azgi

Find f(:!!) given f’(:c) & f(‘ﬂ'/4)=1 x
f(5)=1
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sy bypduy ydgai .f(z) + a1z +c2 el dulilg f/(z) + e el Jeil spatl vJuipo Jolsi :f"(2) il diiduart

Culgisl
# Second Derivative: Integrate twice, producing two constants ¢;, c;. Use given conditions to solve for them.
Thirty-Sixth: Solving from Second Derivative i U1 dBident o W11 3oyl 1ggsuislg yusludl I

L 2 2 & & Example (15) Jtio B

9 f'(z) =cosz+sinz g3l f(z) azei

Find f(x) given f'(z) and f(m)=1 : fm)y=1

L 2 2 & & ¢ Practice (15) d290 i jai 4

o f'(z)=sinz —cosz guis1 f(z) so9i

Find f(z) given f'(z) anda f(m) =0 : f(m)=0

L2 2 2 & Homework (15) w219 %
9 fi(z)=2cos2z g5t f(z) soei

Find f(z) given f'(z) and f(m) =0 : f(q'r) =0

ARRXRXRN Example (16) Jio B

131 f(x) a2l
f(x) = 122* + 4e%, f(0) = 3, f'(0) = 2

Find f(a:) given f”(;c) & conditions:

ARXRRR Practice (16) 4390 «iyjai 7

31 f(x) a2
f"(z) =6z +e* f(0)=2,f'(0)=1

Find f(:.c) given f”(:c) & conditions:

L 2 & & & 1 Homework (16) w2lg 4

131 f(2) a2

f"(x) =2,£(0)=0,f'(0)=0

Find f(;c) given f”(:c) & conditions:
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.gdugaill ie Tjis 35 .Sustaall Yol f(z) 9 f/(z) g0 J&I SUnaall bbgpddl padiwl ic;,co Culgill sloyl

# Finding Constants: Use conditions for f' and f to solve for ¢1,¢2. Be careful with substitution.

Continued: 2nd Derivative & Boundary Conditions danJl bgpduilg dulil didideoll Suslao dlos] I

2 2 & & Example (17) Jlo | |

451 f(t) a9

Find f(t) aiven f"(t) & conaiions: 1"(8) =2t +2, f(0) = 2, (3) = 2

PN Practice (17) 4290 «usyai 1y

f"(t) = 6t, f(0) = 1, f(1) = 3151 f(t) ao9i

Find f(¢) given f”(t) & conditions:

L 2 & & & 1 Homework (17) w219 4

131 f(t) a20i
.f”(t) - 12t23 .f(O) =0, f(l) =1

Find f(£) given f"(t) & conditions:

2 2 8 & Example (18) JUlo n

3t f(2) azoi

f”(.’l}) =sinz, f(O) =1, .f(ﬂ-) =0

Find f(:c) given f”(;c) & conditions:

L 2 2 & & Practice (18) a290 cusyai 7y

151 f(z) 20l
fﬂ’(x) = COosS T, f(O) = O,f (%) =1

Find f(:!:) given f”(m) & conditions:

L 2 & & & 1 Homework (18) w19

131 f(z) azei

£"(2) = ¢, £(0) =2, f(1) =

Find f(:!!) given f”(;c) & conditions:
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d E d T
PYPRTTETIR 2, §uELd Iy anaioll dc gl £, §uiduy EPHEPSIRTIIN].
a(t) Josiy J% v(t) Josiy J* 8(t)

Thirty-Seventh: Kinematics Applications (doaiol d5paJl) dub juddl O il =0931|i||9 @i I
R R Example (1) JGo B |

v(t) =10t + 5 g 51 $(t) dutsost Wiaslsas
s(0) =10 ,

Find S(t) given ‘U(t) & 3(0):

\ )
e Practice (1) 4290 wusyai .

L v(t) =6t —2 g3t s(t) dutsast Il s

Find s(t) given v(t) & s(0) : s(0) =4

Homework (1) w2lg 4 .

L v(t) =8t +3 g5 131 8(t) dutsost Wil s

Find s(t) given ‘U(t) & 3(0) : 8(0)=1

L 2 & 1 Example (2) Jio R )

Find s(t) given v(t) & s(0) : 8(0)=0' 'U(t)=3e_t—2 g 131 S(t) FYCs

Practice (2) a590 wisyai 73 |

Find s(t) given v(t) & 8(0): 3(0)=5 , ’v(f.‘)=462t—|-1 g5 131 s(t) FYE-Y

A J

t & & 4 Homework (2) w2lg %

Find 3(t) given v(t) & s(0) : s(0)=2 , v(t) = —2e"% :gus151 8(t) s2o
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.c3 32949 8(t) Lle Jouaal v(t) Jolhi al .c; a2gig v(t) Lle Jgwaall at) Jolhi :gyludill o Jliall syl
# Double Integration: Integrate a(t) to get v(t), find ¢;. Integrate v(t) to get s(t), find cz.

Continued: Position from Acceleration gLl o duiliall A1 Uil :dloss I

P Example {3)dlil 2 |

cv(0)=4 . a®) =t +1 gt s(t) s

Find 3(t) given a(t),v(0),s(0) : 5(0) =0

Practice (3) ao90 wujai .

v u(0)=1 . a(t) =6t gs31 8(t) s

Find s(t) given a(t),v(0),s(0) : s(0) =2

Homework (3) w219 % .

v v(0) =0 a(t) =12t% g1 s(t) sa0

Find S(t) given a(t),'v(o),s(o) d 8(0) =5

AS

L 2 2 A & 1 Example (4) Jtio B |

« v(0) =4 . a(t) =3sint g1l s(t) sa0
s(0)=0

Find s(t) given a(t),v(0),s(0) :

Practice (4) a29.0 «jai /4 .

« v(0) =0 . a(t) =2cost g3t s(t) sas
s5(0)=1

Find 8(t) given a(t),v(0),s(0) :

-

A

x kR kk Homework (4) wolg % -.
=1. t) = —sin2t 3 t
Find S(ﬁ) given a(t),v(O),s(O) : U(O) a() SIn o 15l 3() a2
3(0) =0 .

-
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-5(t) b udgei al Jol 22¢i (1) = 0 phuo dicpus Jgsi Loaic pwall dliay glalyl uabi ipoll beiudlg Sligidall

& Free Fall & Projectiles: Max height occurs when velocity is zero v(t) = 0. Find ¢, then substitute in s(t).

Thirty-Eighth: Gravity & Projectiles Slbgidioll d5po9 yodl bedudl :geidisig oLl I
L 2 & & i Example (5) .JLb a
acylus « 828m glaiyl g0 pus niaw
Dropped object. Find height at t = 10 : 3(10) aogi. vg = —30 dicyuwg a,(t) = —90.8

Practice (5) dao90 wujai

acylus « H500M  glaisl go puns Bibw

Dropped object. Find heightat 1 =5 : .
. 8(5) a29i. vg = —20 dicywg at) = —9.8

gyt go ( Vg = 0 ) yosuw yo > biw
. 3(10) a."-bgi { a= —9.8 ) 1000m

Dropped from rest. Find height at t = 10 :

PPN Example (6) Jlio B |
. 80ft gLyl oo Jledl puus b

Projectile fired upwards. Find max height: . .
auay gladyl adbi a2gi . a(t) = —32,v) = 64

Practice (6) 290 wusyai 73 '

. 100ft glaigt go led puus is
«aluay gladyl obi .\.?gi . Q= —32, vy = 96

Projectile fired upwards. Find max height:

L2 2 & & i Homework (6) w219 %
. A8 ft glalsl go Jled puus Hib
«aluay gladyl wodiazgi. a = —32,v9 = 32

Projectile fired upwards. Find max height:
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o il VIl e Juoasdd puaill Jaoo Jolsi :dulblaill Sdslanll Jog puaidl Susao Jolsi &
# Integrating Rates & Diff Eqs: Integrate the rate of change to get the original function.

Thirty-Ninth: Real-Life Rates & Diff Eqs LSS Suslang AGLD Oliadnl 1ggiillg gl I

Example (7) .qu) i

.48 b 60m/s 1 20m/s g0 8yl ueylud
. B8 Jus Wisluuo 19l vyl lacylud

Car accel 20 to 60m/s in 4s. Find dist at 5s.

A"

AR RW Practice (7) 4290 cuyai /h

.38 b 40m/s S 10m/s oo @3y caeylud

Bike accel 10 to 40m/s in 3s. Find dist at 4s. g .
. 48 Jus Wisluuo 159l Wyl lacylud

Homework (7) w219 4 .

. 58 b 100m/s Yuogg ygsuul 3o slnis Gl
.68 Y didluuo a9l v aoylud

Train from rest to 100m/s in 5s. Dist at 6s?

Example (8) Jlio B |

v(t) = —s(t) dbaaly Lbai dcpudl Uls SGLS 131

Given v(t) = —s(t) and 5(0) =€ .Find s(?) . . 8(t) az¢i. 5(0) =€ éus

Practice (8) do9o wujai 4

v(t) = 28(t) @bty bal depudl Yls 65 131

iven u(t) = 25(t) and 5(0) =1 .Fina s(z) . . 5(t) a20i. 5(0) =1 &

Homework (8) w19 4 -

v(t) = —33(t) W sasy Lbai depudl Yis 65 1531

iven 0(t) = —3s(t) ana 5(0) = €* .Fina s(t) . . 8(t) sai. 5(0) = €? &
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S'(2) =0 iay iU gulaadl . f'(2) J9 I diidiall 9o yulaoll Juo sdpwaio Sliuki &

# Geometric Apps: Tangent slope is f'(z). Horizontal tangent means f'(z) = 0.

Fortieth: Geometric & Economic Apps Walaib g duwasinll Sliuhill :ggasyil I

Example (9) Jlio B

s0i9 M =2T yulaadl Joo s JuI f(2) azoi

Find f(z) withslope 2z , passing through (2,5) : (2,5) amiuy

Practice (9) do90 wujai

saig M =327 gulaasl geo s JUI f(Z) az9i

Find f(:!:) with slope 3:‘82 , passing through (1,4) : . (1’4) . y

Homework (9) w9 % .

Find f(:c) with slope 423 — 2 , passing through m = 4.’133 -2 uvloadl Joo LaJ L_.,‘iJl f(a:) .\.?gi
(—1,5) - . (—1,5) dbiuy soig

Example (10) JtGo B

Find f(:c) given f”=6$ , horiz tangent at (0,1) ..“,ﬁ.l'liu.um aJg (03 1) dhiuu yoj f(m) -\-?Qi
: . f(z) =62 éuo iaie

Practice (10) 4290 wusysi 7 |

Find f(:c) given f” =122 , horiz tangent at ‘___,l'i.l'liuul.o.n laJg (0, 2) dbiUU s0i f(z) asgi
(Oa 2) : . f”(m) = 12332 l:l-Pul.ﬂ.\.i.l:

Homework (10) w2l % .

Wosic Lidi gutas g (1,3) sp05 f(Z) s29i
f(z) =2 o

Find f(:!!) given f” = 2 , horiz tangent at (1, 3) :
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.C(z) dALS1 1s ooy C'(z) dsandl AAISUI JolKl 1§61l Jaoog dyslaisl Sliuhi &

# Economic & Flow Apps: Integrating marginal cost C'(z) gives total cost C(z).

Forty-First: Marginal Cost & Tank Volume g1l Jluog dyandl dalsil rggayyiilg ssladl I

Ty Example (11) JGio B |

Marginal cost O"(m) ‘/ 0(1)—1600 Find . (1) = 1600 o. C'(a:) % dyaoJl dalsil
C(400) . . C(400) s29i

-

A

| L R 2 & & & Practice (11) a290 wuysi 74 |

Marginal cost C’(:’B) \/_ 0(1) 500 . Find . C( )— 500 9. C”(:c) % dyanJl dalsil
C(100) . . C(100) s29i

B
\

Homework (11) w2lg {4
, C(1) =1000 .Fina . C(1) =1000 4. C'(z) = 3“” dyandl AALSUI
C(25) - . O(25) aosi

Marginal cost O”(a:) 1/—

1l &ilue (12) glio § )
Tank rate v = 41 — tz, V(O) = 288 . Find V(t) , V(O) = 2889 ’U(t) =4t — tz aidai Jaao Jlis
then V(Q) . . V(Q) ,nj V(t) .\p_gi .

131 Diluwo (12) 4290 cuyai & |

Tankrate v = 6t — t2,V/(0) = 144 .rina V(t) . V(0) =1444 v(t) = 6t — t* aass5 Jaao g1js
then V(G) . . V(ﬁ) Fj V(t) .\b_gi.

Jljsdl Wi (12) wslg & _'

Tankrate v =9t —t2,V(0) =486 .rina V(t) ., V(0)=4864¢ v(t) = 9t —t? das5 Jaao y1js
then V(6) . . V(6) a5 V(t) szai.
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Hhunsl diidioall 31glusay yab Lillg Ayl il 3209 .V (E) = 0 sJhunll pasdl s9lus Loaic §4dy :gljal Jloliwl &

# Tank Cont: Empties when V(t) = 0. Find Inc/Dec intervals by setting V'(t) = v(t) = 0 and using a number line.

Forty-Second: Tank Empty Time & Intervals

When is tank 1 empty? Find Inc/Dec intervals.

Vi) =v(t)=0

(a1 S sibg st 0] 3423) 1A gsasitg i |

(12) g1jAI1 Jlasiwl (13) JGo B

SIfi 2209 S( ¥ = 4t — 12 ) Jodil YIjAII grdy io
b Uilg agl Ul

When is tank 2 empty? Find Inc/Dec intervals.

(12) g133Jd1 JloSiawl (13) a290 uiysi 7y

Slgib 3409 (U =68 — t2 ) Gt YIaIN §dy Gio
~yob liig agl gl

When is tank 3 empty? Find Inc/Dec intervals.

(12) g1jaI1 Jlasiawl (13) woly & |

Slgid 3309 S( v = Ot — 2 ) UG GIjAII ghy io

odliig agl Ul
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