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Lesson 3: Area and Riemann Sums

Regular Partition / dofaiiodl dsjaisl .1 m

The set {z¢,21,...,2,} is a regular partition of [a, b] dolilo Wjad {2, 21,...,2,} degoaol Loul
if: :§482J 131 [a, b] 648U
e Bounds: g = a and ¢, = b. p=bgxy=a:dslailig dsladl e
e Ascending order: z; < z;,1 for all 4. d pud gaoa) T < Tit1 1Saelall kgl e
e Constant width: Az is a constant value. Wygludio Sl Az :&ul yogall @

Important Note: The number of partition —ac o . . .
g P n+1 90 Wil polic sac :dolo dbgalo

elements is n + 1, while the number of - - e L. . .
040 1 9O duyga]l Qlgaall sac Lowwy uouc

subintervals is n.

. v,

Calculation Tools / &ijail juolic ol Juilgd .2 m

General Term / dijaill ypolial plall soJl Subinterval Width / dujaJl 6gidll ybdpe
; N b—a
z; =a+iAzx Py Ax —
- n
¢ Element g, is the (i + 1)-th element (e.g., zg is the 9D T .f.lio) i+ 1 ady juaiall go z; uoiall @
7th). (gsludl yaiall
e The i-th subinterval is defined as [z;_1, z;]. [i1, 2] 04SN o i pBy dujoJl opiall @
o
e ~
S
\_ S
This is called the Riemann sum of f on [a,}]. J[a,b] 85Il e f WIal Jloyy £9020 5D 0y
L8 y
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b Az hubig a g0 ia a5 WAz = B2 ybsall 32¢i i(n) OIfiall sae deoglaoy dokiioll Gjail sagy |
b J Juai (o op0 Y5
To find a regular partition given the number of subintervals (n): find the width Az = "’T‘“. start at a, and add
Az successively until b.

Partition Applications (1): Given n n Slgiall sae deoglaos (1) doiioll dijaidl Oliuni l

e Example (1) JGo W

Write the regular partition with 10 subintervals for the dwjaJI Wajlgid sae LU dobbiiodl &gl sl

interval [0, 2].

.[0,2] 65180 10

LR B

Practice (1) 4290 wujyai #

~
.

Write the regular partition with 15 subintervals for the
interval [1, 4].

aujaJl Wkl b sae Ul doBiiodl d5jail sl
.[1,4] 85iaU 15

e

interval [—2, 2].

F
\,

Homework (1) w219 %

Write the regular partition with 8 subintervals for the 8 dujaJl WoJlgid sac iJl dobbiiod! dijaisl isl

[—2,2] épiaL
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2sbl yuoliall sac e 131 puoliall sae e 2019 yladioy Jiy (n) Ujaidl GILLd sace :dolo dbgalo |
g e Juoads 1 aio
Important Note: The number of subintervals (n) is one less than the number of elements. If given elements,
subtract 1 to find n.

Partition Applications (2): Given Elements Joliall sac duoglaoy :(2) doBiiotl jaill Olbiuh l
ETEr Example (2) Jto W
Write the regular partition with 25 elements for the 25 uolic sac Ul doldiioll djail LSl
interval [1,13]. .[1,13] o pials

~
.

YRR Practice (2) a5g0 wuyai
Write the regular partition with 17 elements for the 17 Lo lic sac LUl doBiioll gl sl
interval [2,10]. .[2,10] opiaLs

F
\,

. AR Homework (2) w219 {4
Write the regular partition with 26 elements for the 26 o lic sae LUl doBiiodl dpaidl sl
interval [0, 5]. ,[0, 5] Eﬁ_ﬁ,u

\ A
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ob npadiol e §ging TS B Az dgjadl SH411 Jgb gL (n) Jgmas Gl sae U8 13 |
.plioJl
If the number of subintervals is an unknown (1), the subinterval width Az will remain a fraction with n in the
denominator.

Partition Applications (3): In terms of n n yafiodl dyay :(3) doBiiotl &jaill Olbuhs l

 ARAR Example (3) Jtio B

Write the regular partition with n subintervals for the  8idlJ n WaSIfid sac U doBiioll &5jaisl sl
interval [0, 3]. .[0,3]

~
.

"R Practice (3) 4290 wuyai #
Write the regular partition with n subintervals for the  didl n lalifid sac LUI doBiiiall Wigail sl
interval [1, 5]. J[1,5]

‘ PN Homework (3) w2lg %

F
\,

Write the regular partition with n subintervals for the 6idl n WJl L sae LiJl doBhiioll djaisl LGSl
interval [—1, 2]. ,[_1, 2]
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ipladl aaJl Joild padiuwl .z ol alylis k ady saiall gi $515 vdijaitl P 2300 Juaic sy y
& = a6+ tAzx

To find a specific element, remember the k-th element is denoted by ;. Use the general term: z; = a + iAx.

Partition Applications (4): Finding an Element 3300 puaic 3Lyl :(4) dobiioll G jail O lhuhns I
I X R K R Example (4) Jtio B

Find the 7th element in the regular partition with 31 Wil doBiioSl dipaidl b &l | puodaldl sl
elements for [2,5].

.[2,5] 64ial 31 oo lic sac

Practice (4) 4290 <uysi #

Find the 9th element in the regular partition with 41 | dodaiiod| dijadl o gl poiell GSI
elements for [1,9].

.[1,9] 6ol 41 o lic sac

\. J
| 'R A XX Homework (4) w219 {4
Find the 12th element in the regular partition with 21 doRiiall &ijadill b Judac “_.,il.'.iJI Jaialtl LGSl
elements for [0,4].

.[0,4] 854U 21 LpoLc sac S
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Pladiwy poliall 030 pub 3295 . [Th1, k] O k pdy daijadl S5LaIN Ji 4535 183200 duijo 64id slayy
2 = a+ iAz eacldll

To find a specific subinterval, remember the k-th subinterval is [}x_1, Zi]. Evaluate these using z; = a + iAz.

Partition Applications (5): Finding a Subinterval dujo 606 slagl :(5) dobbiioll Wjail O lhuns I

I X R K R Example (5) Jto B

Find the 10th subinterval in the partition with 40 sac JUI Gjal b 6pdilall dujall 6 iall S|
subintervals for [1, 3].

J[1,3] 65l 40 Waiilgis

Practice (5) a2g0 cujali #

Find the 5th subinterval in the partition with 20 oL Gl a6 duuo Il dujadl opiddl sl
subintervals for [2, 6].

.[2, 6] 65440 20 Wajlgis

\ J
| 'R A XX Homework (5) w219 {4
Find the 15th subinterval in the partition with 50

Gjaill b 6puire duwo Bl dgjatl 6581 sl
subintervals for [0, 5]. -[0,5] 65ials 50 Wl gis sac U1
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Jlogy £9020 pladiwl O Luodl cu sl :SULI guyadi

Lesson 3: Approximating Areas Using Riemann Sums

Area Calculation Methods / &b luwod| wluw dby s .1 ”

e
Approximation Methods / «uaUl Gpb

Simpson’s Rule / Jguuuouw dissb o

Trapezoidal Rule / b goio)l duds dis b e

Rectangles Method / & uubiusol| dis b @

Ay
Exact Calculation / disd Sl oluadl b

Limit of Riemann Sum / gloayy g9020 dylaj ®

Definite / 3gasnll Jol&iUI sclgd @
Integration Rules

Approximation Formula & Sample Points / gudJl bliJj ayanig il Joild .2

To approximate the area, we use the Riemann Sum

formula:

£9020 Jgild padiuwi doluuoll cuy iy
:gloyy

A fle)Ar= b_Ta > fle)
o=l =1

Ss041 30

Right Endpoints

wuaiioll go
Midpoints

Jludl go
Left Endpoints
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Sl dbidl oacld - syl o pdidl (1)
(L,) Left Endpoint Approximation (1)

- uaa l - oai ”.. .
Sl auuy Gipb e Liodall
iaiodl @l WSy yuas

Calculate area using rectangles touching

the curve from the top-left corner.

dibhioll dolun) duy il dosd aogi :JUo

Ex: Find the approximate area bounded by J9209 f(x) = Vo + 1 iaialU 6yguanall
f(x) = +/= + 1 and the x-axis on [0, 4] using 4 e.ui pladiwly [0,4] opidSl e S ligudl
rectangles with left endpoints. dbiUl Lo pudll bl duo Salbiuio
Syl

Width (Az) uosall .2 Subintervals algisdl sac .1

y y = V(x+1) Am — 4;0 — 1 n — 4
4
o 1 2 3  ax Left Endpoints (¢; bliuUl .4 Partition (P)  daliioSl &ijaitl .3
) S Juand|

P=10,1,2,3,4}

c; € {0) 1,2, 3}

-

Calculate Area (A;) ddluodl glusg ydsgaill .5

A~ A1 +Ar+ A3+ Ay

j =1X% f(e1) + 1 x f(c2) +1 % f(es) + 1 x f(ca)
=1x f(0)+1x f(1)+1x f(2)+1x f(3)
=1V14+1vV2+1vV3 + 1V4

=6.14

AL= 6.14
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ol dbiUl 6aeld - Lol oy il (2)

(R,) Right Endpoint Approximation (2)

Calculat i tangles touchi L a2 o 'ai"" '
aiculiate area using rectangies touchning .- - - P
- . Calihiuwe auuy Gieb o odadl

the curve from the top-right corner.

.oiadadl ol iyl yuol

dihioll @5 lue) du i dosd aogi :Jlo

Ex: Find the approximate area bounded by a_.c o
920 =4/ wiaial guasoll
f(f.e) = +/& + 1 and the x-axis on [0,4] using 4 J g‘ f(a:-)“ s - s u o'l_, .
el plasiwl [0,4] opiall le Olcadl

rectangles with right endpoints.

ol dbiUl o o)l bl Sus ki

Width (Az) uosall .2 Subintervals Sl piadl sac 1
4—-0
y =V (x+1) Aa} = — = 1 n — 4
4
P a— ; P Right Endpoints (c; blidl .4 Partition (P) doafiioJl dijaisl .3
) ol

P={0,1,2,3,4}

¢; € {1,2,3,4}

-

Calculate Area (Ap) W luwadl gluog yasgaiJl .5
i)
0 1 2 3 4
A%A1+A2+A3+A4

=1x f(e1) +1x f(ez2) +1 x f(es) + 1 x f(ca)
=1x f(1)+1x f(2)+1x f(3)+1x f(4)
=1V2+1V3+ W4+ 1V5

= 7.38

. Apr=T7.38
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buniioll dbij 3.!.:6-“' 2ol *"” 1(3)
(M,,) Midpoint Approximation (3)

Calculate area using rectangles <al @0 ol cuuad gi aabiiu
intersecting the curve at their top ; _— Sl oy Gi4b e iododl
midpoints. ~duaiioll dbii b iaioll ghil

dihioll @5 lue) du s85 dosd so9i :JUo
Ex: Find the approximate area bounded by 19209 f(x) = V& + 1 JiaiaJUy oy9.020J1
f(2) = v/& + 1 and the x-axis on [0, 4] using 4 i pladiwy [0,4] 441 e Sliudl
rectangles with midpoints. dbii Lo aud)l bl Cuwo Ol
fuaiiodl
Width (Ag) yosall .2 Subintervals Sl gadl sae
4—-0
4 ¥=V(xs1) Aw _ e = 1 n - 4

‘/ 4

" Midpoints (¢;) uniiodl bl .4 Partition (P) dofiiiol dijail .3
¢; € {0.5,1.5,2.5, 3.5} P=1{0,1,2,3,4}

Calculate Area (A;s) oot glusg yasgaill .5

A~ A+ Ay + A3+ Ay
=1x f(e1) +1x fe2) +1 x fes) +1 % f(ea)
=1x £(0.5) + 1 x f(1.5) + 1 x £(2.5) + 1 x £(3.5)
= 1v/1.5+ 1v2.5 + 1v/3.5 + 1V/4.5
= 6.80
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{ B
Master Ex: Approximate the area bounded by dadnioll doluso) duw pii doud ao9i :Jolds JUlo
F(z) = 22 — 2% and the x-axis on [0, 2] usingn =4 19209 f(xz) = 2 — z? LiadoJU 6yg.00.0)
rectangles. i 4 pladiwy [0,2] s Gle &l

(P) @jail polic LGS (Az) ydsall wluy Lails iay vou sl £9 sl JaJ rgidiall gulw il

— — 20 _ 1 — 1 3
n=4 Ag =20 =1 P={0, 1,1, 3,2}
.\ y,
"R B Example (1) Jto
Use left endpoints to approximate the area. 40 Luwod | oy p 81 (S g | dnd il 6acls padiuwl

# Practice (1) 290 syl

Use right endpoints to approximate the area. Lo Luod | il iodl dbdiUl 6acld 0adiuwl
AR & Homework (1) w219
Use midpoints to approximate the area. Lo Luod | il Wbusdiod| dlndi 6acls padiawl
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{ )
Master Ex: Approximate the area bounded by dadnioll doluso) duw pii doud ao9i :Jolds JUlo
F(=) = cose and the x-axis on [— %, T] usingn =4 Sliud! yga09 f(z) = cosz iadioJU 6ygu0o0ll
rectangles. LOalniu 4 pladiwl [, 2] shiall Lo

(P) @jaill polic LS (Az) ydsall wluy Lails iay vou sl £9 sl JaJ rgidiall gulw il

] Az — 2=03) _ =« P={-z, —x,0 = 2}
- - 4 4 - 2°? 47 7 49 2
\, J
Y B Example (1) Jlo
Use left endpoints to approximate the area. o luodl il (§ ] dndidl 6acls padiwl

# Practice (1) 290 syl

Use right endpoints to approximate the area. Lo Luod | il iodl dbdiUl 6acld 0adiuwl
'R R XK . & Homework (1) w2lg
Use midpoints to approximate the area. Lo Luod | il Wbusdiod| dlndi 6acls padiawl
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Approximating Area using Tables J9lasJl pladiwl dolusodl padi :dlo s il

B Exercise (1) JJ 05

f(z) Lisiol dikhioll dolus padil Jgaadl Ll aaicl

Estimate the area on [0, 1] using Right Endpoints. . N ) -
(ol aslaidl) [0,1] opiall Lle

z |00|02|04|06|08] 10
fz) | 20 | 2.2 [ 1.6 | 1.4 | 1.6 | 2.0

4
.

AR # Exercise (2) JJy03

f(z) Jiodol) didioll doluws padl JgaaJdl e soicl

Estimate the area on [0, 0.5] using Left Endpoints. . . -
(sl dsladl) [[],0.5] o)l le

T 00 017 )| 02|03 /|04 05

fz) | 2.0 | 2.4 | 2.6 | 2.7 | 2.6 | 2.4

AR % Exercise (3) (05

-
s L

ol f(z) iodol doluadl adl Jgaadl Lle saicl

Estimate the area on [1,2.6] using Right Endpoints. . . X ..
(ol ylodl) [1,2.6] opiall

T 1.0 | 1.2 | 14 | 16 | 1.8 | 2.0 | 22 | 24 | 2.6

f(z) | 0.0 04 | 0.6 | 08 |12 |14 12 14 | 1.0

Telegram YouTube 0562721972 @ magdymath.com
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Riemann Sums (Left Endpoints) (Sl Gladl) B glogy geolowo :dd Lol Ol
ir Step 1: Find width Az Az = % ryoyall aogi
! Step 2: Find ¢; and evaluate f(c;) Fleg) Il b Loy ybgeaig ¢; il 3o
| Step 3: Substitute into Riemann Sum % An YL flc)Az :g9020)l gild O yo9ai

Master Ex: Approximate the area for f(z) =2z on [0,4] dibiotl d>luio) de i dosd 2591 :dlolds dJluo
.[0,4] 65iall Lle Sliudl ygo0g f(x) = 2@ Aadiol

P B Example (2) Jio

Using n = 24 rectangles (Left Endpoints). (sl aglaidl) .Is.l.._g.bln.m 24 pladiaul

4
AN

[ ¢; = ¢i_1 :0acldJl ]

' & R B # Practice (2) a590 «uy Al

-
\

Using n = 12 rectangles (Left Endpoints). (Sl o) f.l._.l_.h.'i.l.l.l.o 12 pladiwl

[ C; = Xi—1 :SA.CLEJI ]

AAAARN {4 Homework (2) w2lg

”
\

Using n = 16 rectangles (Left Endpoints). (Sl dlaidl) .f.l._.l_.h.'i.l.l.l.o 16 pladiwl

0562721972 magdymath.com
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Riemann Sums (Right Endpoints)

(ol yladl) B glogy geo oo :dd Lusadl O i

Step 1: Find width Az

Step 2: Find ¢; and evaluate f(c;)

e

Step 3: Substitute into Riemann Sum §

Fleg) DI b oy yd9aig ¢; AbdUl 322

AmYr, fle)Az :g9020dl Jgilh b ybgai

Master Ex: Approximate the area for f(z) = 2z on [0, 4]

ddlniotl dolusod daw pis dosd aogi :dlolis dJluwo

.[0,4] 85581 Ll Olivundl ygang f(x) = 2@ Liniol

P

B Example (1) gl

Using n = 16 rectangles (Right Endpoints).

(oo e )

(ol Glail) duniuo 16 pladiwl

AR

# Practice (1) 290 cuyyai

~
\

Using n = 8 rectangles (Right Endpoints).

[ C; = &; :8.‘.:‘.6." ]

(Lol Ylol) Saldniuwe 8 pladiwl

AR

Using n = 32 rectangles (Right Endpoints).

{4 Homework (1) wolg

’”
\

(Lol dyloidl) dubiu 32 pladiwl

Page 98
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Riemann Sums (Midpoints) (ualiioll dbdi) ¥ Jlogy gaolaw :doluatl Oliuh
ir Step 1: Find width Az Az = % ryoyall aogi
! Step 2: Find ¢; and evaluate f(c;) Fleg) DIl b Loy ydgeaig ¢; bbbl 3o
| Step 3: Substitute into Riemann Sum % An YL flc)Az :g9020)l Jgild O yo9ai

Master Ex: Approximate the area for f(z) =2z on [0,4] dibiotl d>luwo) dey sii dosd 2591 :dlolds dJluo
.[0,4] 65iall Lle Sliudl ygo09 f(x) = 2z Aadiol

P B Example (3) Jtio

Using n = 8 rectangles (Midpoints). -(Bundiioll dbdi) Ouubiuu § pladiwl

4
AN

[ ¢ =a+ (i —0.5)Az :0aclitl ]

-
\

B B B # Practice (3) a5g0 syl

Using n = 10 rectangles (Midpoints). -(Buadiol! dbdi) Ouubius 10 pladiwl

[ ¢i = a+ (i — 0.5)Az :0aclidl ]

”
\

2 A & & {4 Homework (3) w2lg

Using n = 20 rectangles (Midpoints). (uaiioll dbdi) .f.l._.l_.h.'i.l.l.l.o 20 pladiwl

[ ci=a+ (i~ 0.5)Az :0aclill ]

0562721972 magdymath.com
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Exact Area as Limit of Riemann Sums

Jloyy g9020) lais (d5ay) dolusadl

[@,b] 6piadl (e f(z) > 0 iadodl Cnd dbeda)l do Luwodl

A= jm 3 e)as

ol dylaist Lasls padius «iJgauuls
ci=z;=a+ilAzx

o luol) dylaid] cuusl| g£902.0J1 ol
A =lim, ., A, Ap, = E.f(ce)m

dbiJy yoge udsall jo>
LTIV Az
fle)
aishislg
=

B Master Example (1) Jolis Jlio

Use the limit of Riemann sums to find the exact area for

f(2) = 2z on [1,4].

(glogy g9000 @lad) doluol| iy sl 0adiuwl

e f(z) = 2& Liadodl Coj dibuio)! doluwo sy y
.[1,4] 85iaJ1

0562721972 magdymath.com
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Riemann Sums (Continued) (UWos5) B gloyy geo oo :do Ll Sliuhi

| L 2 2 2 #a Practice (1) 42g0 wuyi

Gl diad | doluuodl slogy dlail padiwl

Find the exact area for f(z) = 8z on [0, 2]. [0 2] Buiall e f( ) 3 T
.[0, x) = 3z Aoual

. v

oo as

Cuaj ddesal doluall sl il padiwl
[0, 8] 84481 L f(x) = 4z LinioJl

Find the exact area for f(z) = 4« on [0, 3].

0562721972 magdymath.com
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Exact Area using Limits of Riemann Sums (Ulogy proloo Wlal) diwdatl doluodl syl :Sliuhns
L NN nn+1)  « ", nn+l)@En+l) |
| rOsilelI 485 A=lm Y fle)de Y i=——p—" ) it= - :
: =1 =1 i=1 :

Sliaud! jgan G9b9 f(z) = 322 Liodall uad doluwatl aogi
.[0,4] 65iaJ1 Lle

Find the exact area under f(z) = 322 on [0,4].

#a Practice (1) a5g0 i yai

Slisudl ygan G989 f(z) = 22? Liniadl (al doluwall A3gi
.[0,3] 6iall LLe

Find the exact area under f(z) = 22* on [0, 3].

v

* % % % % Homework (1) w19 |

Sl Jgo0 G999 f(z) = 22 Liadiodl Gad dslusal aogi
-[0, 6] dpiall e

Find the exact area under f(z) = =2 on [0,6].

Telegram YouTube 0562721972 & magdymath.com
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Area for Negative Functions (Below x-axis) (S ludl ygao Cund) ddludl Jlgals do Luwodl syl

| o lw EJL&!.:,beg.n_‘:.nJ_ | b (G ) Sl ] jgon Canj “g.a:iaumaim_,
i il d290 doluuoll pual:
+6 s Ly U n
e A=lm Y —fle;)Az
n—o0 ‘=1

" RRkRRR B Example (2) Jto

Sl Jgan Calg f(z) = —22 WA Ggd dolusasl a2gi
-[0,4] Sle

Find the area bounded by f(z) = —2« and x-axis on [0, 4].

-~

s Practice (2) d29.0 <Al

Sl ygan &aig f(z) = —sz Wil Ggd dolusodl aogi
:[0,2] LLe

Find the area bounded by f(=) = —3« and x-axis on [0, 2].

r,

%o % % % % % Homework (2) w2lg -

Sliudl ygan cualg f(z) = —2 Wil Ggd doluwall aogi
.[0,8] Lle

Find the area bounded by f(x) = —= and x-axis on [0, 6].

Telegram YouTube 0562721972 & magdymath.com




«uUnJ| dsuui - Student Edition

Area Given the Sum Formula 4, A, £902.0J1 douo drogleoy dolusal slayl (1) o801
laidloll o Sadhiuoadl dae Gpidy boaic ggoaoll dslai (o didatl doluodl

A= lim A,
n00 :Jadl plido

(plindl b uuf_;.g.‘bi Jolas le bl b U-l.li_Hﬁi Jolen i5l)

2228 B Example (1) Jtio
4 ia _2n+1)(n—1) . .
i 4, = 20T DB gy Wluoll 4290+ 4, = Sad g 13
3n A il

ETZR; ¢y Practice (1) 420 <y
5n(n—2) . Y - - bn(n —2) |, .

If = ——,Ffi . . . -—
An 1 nd A A dassaJl doluwodl a3oglo v A, am? 1 gL Ll

PR % Homework (1) wolg

. . 3n+1)(2n—1) . .
ao Luwodl 3o Lo.A,,:( B 13l
If A, = (3"'+1)(:n_1).ﬁnd A. *9 2 um
) LA dbabaJI

\
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Area by Expanding Sigma Notation A Lol sy y golaadl &l :(2) op8all
T n 1o L1 :
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Relating Limits to Graphical Areas ol laldiolg dlall gu oyl :(3) 64541
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